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Abstract— This paper evaluates the energy efficiency of uplink1

transmission in heterogeneous cellular networks (HetNets), where2

fractional power control (FPC) is applied at user equip-3

ments (UEs) subject to a maximum transmit power constraint.4

We first consider an arbitrary deterministic HetNet and charac-5

terize the properties of energy efficiency for UEs in different path6

loss regimes, or different access regions. By introducing the notion7

of transfer path loss, we reveal that, for UE whose path loss is8

below the transfer path loss, its energy efficiency highly depends9

on the value of power control coefficient adopted by FPC.10

In contrast, for UE with path loss above the transfer path loss,11

the uplink energy efficiency asymptotically decreases inversely12

with path loss, independent of the adopted power control coef-13

ficient. Based on these properties, we characterize the optimal14

power control coefficients for maximizing the energy efficiency of15

FPC in different access regions. Next, we extend the analysis to16

stochastic HetNets where UEs and BSs are distributed as inde-17

pendent Poisson point processes, and investigate the distribution18

of transmit power for uplink UEs. Moreover, the probability of19

truncation outage due to constrained maximal transmit power,20

as well as the average energy efficiency of UEs are analytically21

derived as functions of the BS and UE densities, power control22
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coefficient, and receiver threshold. Simulation results validate 23

the analytical results, show the consistency between deterministic 24

and stochastic analyses, and suggest suitable power control coef- 25

ficient for achieving energy efficient uplink transmission by FPC 26

in HetNets. 27

Index Terms— Wireless heterogeneous networks, power 28

control, energy efficiency, uplink transmission. 29

I. INTRODUCTION 30

W ITH the rapid development of wireless communication 31

industry, the number of global mobile devices and 32

connections has grown to 7.9 billion by 2015 and will be 33

11.6 billion in 2020 [1]. The large number of user devices 34

have brought huge traffic demand and high energy consump- 35

tion [2]. To support the traffic demand ecologically, energy 36

efficiency analysis for wireless networks is crucial. In fact, 37

energy efficiency of point-to-point wireless links has been well 38

studied in the early literature. In particular, assuming an infi- 39

nite blocklength of transmission codewords, the information 40

theoretic analysis in [3] revealed that the energy efficiency 41

of additive white Gaussian noise (AWGN) channel decreases 42

monotonically with the channel capacity. However, the analy- 43

sis in [3] optimistically ignored the circuit power consumption. 44

In practice, when circuit power consumption is taken into 45

account, signal transmission over a long duration may no 46

longer be energy efficient since the total power consumption 47

will increase with the blocklength [4]. 48

Different from point-to-point wireless links, energy effi- 49

ciency analysis for wireless networks is complicated due to 50

the presence of co-channel interference and the need to meet 51

network coverage requirements. Moreover, the spatial and 52

temporal variations of the traffic demands from user equip- 53

ments (UEs) are difficult to be identified [5]. In [6], the energy 54

efficiency for wireless networks employing advanced transmis- 55

sion techniques including orthogonal frequency division multi- 56

ple access (OFDMA), multiple-input multiple-output (MIMO), 57

and relay transmission, was investigated. In [7], the authors 58

identified four key trade-offs between energy efficiency and 59

other network performance metrics including deployment 60

efficiency, spectrum efficiency, bandwidth, and delay. Con- 61

sidering downlink multiuser orthogonal frequency division 62

multiplexing in distributed antenna systems (OFDM-DAS), 63

an energy-efficient resource (e.g., antenna, subcarrier, and 64

transmit power) allocation scheme was proposed in [8], which 65
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solves the resource allocation optimization problem based on66

fractional programming techniques. Moreover, joint transmit-67

ter and receiver optimization was proposed for maximization68

of energy efficiency in OFDMA systems in [9]. Meanwhile,69

energy efficiency analysis has been extended from single-70

tier (homogeneous) cellular networks [6]–[9] to heterogeneous71

cellular networks (HetNets) [10]–[12]. It was shown in [10]72

that the energy efficiency of HetNets increases monotonically73

with the deployment density of small cells. The energy effi-74

ciency of HetNets by adopting energy harvesting small cell75

base stations (BSs) and traffic load adaptation in different76

tiers of HetNets was analyzed in [11]. Moreover, a low77

complexity macrocell user selection method for spectrum-78

power trading in multi-tier network was proposed in [12] to79

increase the trading energy efficiency of the macrocell users.80

However, the aforementioned works [5]–[12] usually assumed81

a deterministic cellular topology, which prevents close-form82

characterization for energy efficiency; hence, it is difficult to83

extend their results to large scale HetNets.84

In this paper, we focus on analyzing the energy efficiency85

of large scale HetNets in the uplink. Improving the energy86

efficiency of uplink transmission is crucial for reducing the87

energy consumption network-wide and extending the operation88

hours of UEs, which usually have limited battery storage. For89

this purpose, uplink power control, e.g. via fractional power90

control (FPC), is a well-known effective approach. Recently,91

FPC has been adopted in 3GPP LTE-Advanced92

standard to conserve energy at UEs and mitigate interference93

in the network [13]. By FPC, the signal transmit power of UE94

is adjusted using a network-wide power control coefficient to95

meet the target signal-to-interference-and-noise ratio (SINR)96

requirement while avoiding excess interference to other UEs.97

However, as the transmission rate and the power consumption,98

both dependent on the power control coefficient of FPC,99

become coupled, energy efficiency analysis of FPC in the100

uplink is complicated. The majority of the literature only101

resort to Monte Carlo simulations to study FPC, which102

are usually time consuming, especially for large scale103

HetNets [14]–[17]. Moreover, when the maximal transmit104

power constraint is considered due to the linearity requirement105

of power amplifier as well as the battery storage limitation,106

the energy efficiency of FPC will depend on the power control107

coefficient and the receiver threshold jointly. In this case,108

choosing a suitable power control coefficient is nontrivial.109

To our knowledge, how to adjust the power control coefficient110

within constrained maximal transmit power for maximizing111

the energy efficiency of large scale HetNets has been rarely112

investigated.113

Recently, stochastic geometry method has been applied114

to investigate the performance of large scale multi-tier115

HetNets [18]. By modeling the cellular network topology as a116

random point process, e.g. the Poisson point process (PPP),117

statistics of system performance can be easily obtained in118

closed form, without resorting to the time-consuming Monte119

Carlo simulations. In particular, the PPP model has been120

shown to be sufficiently accurate for modeling actual urban121

cellular networks [19], [20]. For this reason, the PPP model122

has been successfully applied for studying the downlink of123

large scale HetNets [21]. However, direct extension of the 124

PPP model for analyzing FPC in the uplink is infeasible 125

since, different from the downlink, the spatial distribution 126

of interferers, i.e. interfering UEs, does not follow the PPP. 127

This is because, by FPC, the interference power caused by 128

the interfering UEs becomes correlated with their path losses 129

to the desired BS. Besides, when orthogonal multiple access 130

schemes, e.g., OFDMA, are adopted in the uplink, each 131

cell allows only one user to operate on the typical resource 132

block, which further enables a soft repulsion on the spatial 133

distribution of the co-channel interferers. For these reasons, 134

analytical results for performance analysis in the uplink are 135

rarely obtained. Although various generative models [23], [24] 136

have been proposed to approximate the spatial distribution 137

of interferers in OFDMA Poisson cellular networks, they 138

only apply in special cases such as single-tier (macro-only) 139

networks [23] or channel-inversion based power control [24]. 140

On the other hand, there has also been growing interest in 141

studying various techniques such as offloading [25], spectrum 142

sharing [26], fractional frequency reuse [27], and multi-stream 143

carrier aggregation (MSCA) [28] for leveraging better trade- 144

offs between spectral and energy efficiencies in multi-tier 145

HetNets. However, joint consideration of these techniques and 146

FPC for large scale HetNets is rare due to the aforementioned 147

difficulties for analysis. 148

To address the above issues in this paper, we propose a 149

framework for modeling and optimizing the energy efficiency 150

of FPC in the uplink of large scale stochastic geometry 151

HetNets, where UEs have constrained maximal transmit 152

power. We evaluate the energy efficiency in both deterministic 153

and stochastic cell topologies for qualitative and quantitative 154

characterization purposes, respectively. First, for deterministic 155

cell topology, or for a realization of the stochastic geometry 156

HetNet where locations of BSs and UEs are fixed, we study the 157

correlation between uplink energy efficiency and power control 158

coefficient for UEs locating in different path loss regimes, 159

i.e., different access regions. Based on the analytical results, 160

we further characterize the optimal power control coefficient 161

for maximization of the energy efficiency in different access 162

regions. Next, taking into account the spatial distributions 163

of BSs and UEs in stochastic geometry HetNets, we extend the 164

deterministic analysis to evaluate the average energy efficiency 165

of UEs. To address the difficulties in modeling the inter- 166

ferer locations, the interferer’s propagation process is defined 167

for modeling the path loss distribution of interfering UEs. 168

We show that although the interferer’s propagation process 169

follows the Poisson-Voronoi perturbed lattice, it converges 170

to an inhomogeneous PPP when a sufficiently strong log- 171

normal shadowing effect is present. The convergence result 172

is inspired by [29] and [30], where similar techniques have 173

been applied to model the coverage and achievable rate in the 174

uplink [29] as well as to study orthogonal multiple access [30]. 175

However, different from [29] and [30], the distribution of 176

transmission power and the truncation outage probability have 177

to be newly derived in this paper for characterizing the 178

average energy efficiency. Moreover, the deterministic analysis 179

and optimization of FPC for fixed UEs and BSs is neither 180

considered in [29] nor in [30]. 181
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The main contributions of this paper are summarized as182

follows:183

1) We propose a comprehensive framework for modeling184

and optimizing the energy efficiency of FPC under max-185

imal transmit power constraint. For given locations of186

BSs and UEs, we reveal that there exists a transfer path187

loss, which splits the cell into two access regions. The188

uplink energy efficiency of UE shows different proper-189

ties in these access regions. We also derive the upper190

and lower bounds for the transfer path loss. Moreover,191

we investigate the optimal power control coefficient192

for maximizing the uplink energy efficiency of UE in193

different access regions. The bounds of path loss for194

different values of optimal power control coefficients are195

provided.196

2) For randomly located BSs and UEs, we derive the197

average energy efficiency under FPC, which is based on198

characterizing the probability distribution of UE trans-199

mission power and the probability of UE in outage200

subject to the maximal transmit power constraint.201

3) The analytical derivations are verified via Monte Carlo202

simulation results. Both the analytical and simulation203

results suggest that the maximal average energy effi-204

ciency is achieved when the receiver threshold is close,205

but not equal, to the maximal transmit power and the206

power control coefficient is adjusted accordingly.207

The rest of this paper is organized as follows. In Section II,208

the system model of uplink power control scheme under209

maximal transmit power constraint in HetNets is presented.210

The transfer path loss for energy efficiency of UE and the211

bounds of transfer path loss for deterministic HetNets are212

described in Section III. Detailed properties for energy effi-213

ciency in different region are also revealed in this section.214

In Section IV, the distribution of transmit power, the truncation215

outage probability, and the average energy efficiency of UEs216

for stochastic HetNets are characterized. The derived results217

are validated in Section V by simulation results, where the218

impact of various system parameters on the uplink energy219

efficiency is illustrated. Finally, Section VI concludes the220

paper.221

II. SYSTEM MODEL222

As shown in Fig. 1, a K -tier HetNet system is deployed to223

provide seamless access service over the whole R
2 plane. Let224

m(k)
i denote the location of BS i in tier k ∈ {1, 2, · · · , K }.225

The location of BSs in tier k is denoted by �k =226

{m(k)
i ; i = 1, 2, 3 · · ·}, where the pilot transmit power of BSs227

in tier k is Pp,k . We assume that �k follows an independent228

homogeneous PPP with density λk , k ∈ {1, 2, · · · , K }. The229

UEs obey a homogeneous PPP �u with density λu , which is230

independent of �k . We assume that λu is large enough so that231

each BS serves at least one associated UE per channel. That232

is, the uplink channels are fully occupied as in high traffic233

load conditions.234

A. Path Loss and Association Policy235

We consider both small- and large-scale propagation effects236

in the channel model. In particular, given a transmitter at237

Fig. 1. System model of a multi-tier HetNet.

x ∈ R
2, the receiving power at y ∈ R

2 is given by 238

Pd,x Ahx,y L−1 (x, y), where Pd,x is the transmit power. A is 239

a propagation constant. hx,y denotes the fading channel 240

power due to multi-path propagation from x to y. Moreover, 241

L (x, y) = Sx,y‖x − y‖α models the channel variations caused 242

by path loss ‖x − y‖α and shadowing effect Sx,y , where α is 243

the path loss exponent and ‖x − y‖ denotes the Euclidean 244

distance between x and y. We consider Rayleigh multipath 245

fading and log-normal shadowing, i.e., hx,y ∼ exp (1) is expo- 246

nentially distributed with unit mean power and log10
(
Sx,y/10

)
247

is a zero-mean Gaussian random variable. For deriving the 248

analytical results, the path loss exponent α is assumed to vary 249

rarely across different tiers. 250

Each UE associates to the BS that provides the maximum 251

average received power. For example, the UE located at 252

y is associated to the BS at x in tier k if and only if 253

Pp,k L−1 (x, y) ≥ Pp, j L−1
min, j (y) for j = 1, · · · , K . The 254

resulting association is stationary [35], i.e., the association 255

pattern is invariant under translation with any displacement. 256

Note that since Pp,k varies from tier to tier, the superposition 257

of BSs in all tiers of the HetNets, denoted as � = ⋃
k �k , 258

generally forms a multiplicatively weighted Poisson Voronoi 259

tessellation [33]. According to the Palm theory [22], the ana- 260

lytical results of a typical cell C0 in tier k can be extended 261

to other cells Ci (i = 1, 2, · · ·) in the same tier. Therefore, 262

we only need to focus on the cell C0 for the analysis in the 263

remainder of this paper. 264

The UEs are equipped with single antenna and access the 265

network by using single-carrier FDMA (SC-FDMA) technique 266

to avoid intra-cell interference [34]. However, due to the 267

universal frequency reuse, the uplink transmission of UEs in 268

one cell suffers co-channel interference from UEs in other 269

cells. Let �u_o be the point process of co-channel interfer- 270

ing UEs. As only one UE is allowed to operate on the typical 271

frequency in each cell by SC-FDMA, �u_o is a Poisson- 272

Voronoi perturbed lattice process, which consists of a random 273

point in each Voronoi cell [35]. 274

The BSs in tier k have a receiving sensitivity ρmin,k , where 275

the value of ρmin,k can vary across tiers. For successful 276



4 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS

data transmission, the UEs associated to the kth tier cells277

should keep the average received power at their associated278

BSs above ρmin,k . For this purpose, uplink power control is279

usually applied at the UEs, to keep the average received power280

at the BSs above the receiver threshold ρ0, where ρ0 > ρmin,k281

for any tier k. Otherwise, the UEs will fall into a truncation282

outage due to the insufficient received power at BS.283

B. Uplink Power Control284

The total power consumption of a UE for transmission in285

the uplink is given by286

P = Ps + Pd,t , (1)287

where Ps is the static power consumed in base-band signal288

processing and radio frequency (RF) circuits, independent289

of Pd,t . In contrast, Pd,t denotes the dynamic power needed290

for wireless transmission. The maximum dynamic power con-291

sumption of UEs is limited by Pmax, i.e., Pd,t � Pmax,292

due to the limited battery storage at UEs and the operation293

requirement for power amplifiers in RF circuits.294

In this paper, we consider distance-proportional FPC,295

or simply FPC, which is an open-loop scheme widely adopted296

in uplink transmission [13]. By FPC, the dynamic transmit297

power for the UE is set as298

Pd,t = Pu (ε) Lε (t, x), (2)299

where ε ∈ [0, 1] is the power control coefficient. For problem300

tractability, we assume that all uplink UEs in the network use301

a uniform power control coefficient ε, whose value is to be302

controlled network-wide.1 L (t, x) is the path loss from UE303

at t to its associated BS at x . In (2), the path loss is partially304

compensated in general as ε ∈ [0, 1]. Pu (ε) is the open-loop305

power spectral density and is set as Pu (ε) = ρε
0 P1−ε

max [15].306

Note that the FPC scheme includes two other schemes as307

special cases: i) when ε = 0, FPC reduces to the constant308

power control scheme, where all UEs in each cell transmit309

with the maximum output power Pmax; ii) when ε = 1,310

FPC becomes the power control scheme with complete channel311

inversion, i.e., the dynamic power consumption fully compen-312

sates the channel variations. Note that in the first case, there313

is no channel inversion and the dynamic power consumption314

is constant.315

The maximal output power constraint is another realistic316

mechanism for uplink UEs. If UEs located at cell edges317

cannot overcome the path loss to their associated BS even318

by transmitting at their maximal output power, they will be319

truncated and fail to transmit signals. Therefore, the status of320

the UEs are divided as active and inactive. Fig. 1 shows that321

due to the limitation of maximal output power, some cell edge322

UEs will be inactive.323

By adopting the FPC and the maximal transmit power324

constraint, the uplink UE becomes inactive when L(t, x) �325

Pmax/ρ0. It is expected that the system with large Pmax and/or326

small ρ0 will enable a large access region for the uplink.327

Moreover, both Pmax and ρ0 can affect the transmit power,328

1The general case of adopting non-uniform power control coefficients is
more difficult to analyze and will be left for the future work.

TABLE I

LIST OF NOTATIONS USED IN THE PAPER

and hence, play an important role in the analysis of uplink 329

energy efficiency. 330

C. Energy Efficiency of Uplink UEs 331

We assume the BS in cell C0 (termed the typical BS) is 332

located at origin o and is denoted by BS0. When a randomly 333

chosen UE in cell C0 (termed the typical UE) transmits its 334

desired signal to BS0, the receiving SINR of BS0 is given by 335

SI N R = Pd,t Aht,o L−1
t

No + Io
, (3) 336

where Io = ∑
x∈�u_o

Pd,x Ahx,o L−1
x is the aggregate inter- 337

ference power received at BS0. ht,o and hx,o denote the 338

power gains of the fading channels from the typical UE 339

and the interfering UE at x ∈ �u_o to BS0, respectively. 340

No is the thermal noise power. Since BS0 is located at the 341

origin, we simply denote L (t, o) and L (x, o) as Lt and Lx , 342

respectively. 343

Considering the FPC scheme, the SINR expression in (3) 344

can be obtained as 345

SI N R = ht,o Lε−1
t

SN R−1 + ∑

x∈�u_o

hx,o Lε (x, bx) L−1
x

, (4) 346

where SN R = Pu (ε)A
No

and bx is the location of the associated 347

BS for the interfering UE located at x ∈ �u_o. Moreover, 348

the achievable transmission rate of the desired uplink UE is 349

R = Blog2 (1 + SI N R), (5) 350

where B is the bandwidth allocated for the UE. Taking into 351

account the UE power consumption model in (1), the energy 352

efficiency of a UE in the uplink is then defined as the ratio of 353

the achievable rate to the power consumption, i.e., 354

η = R

P
= Blog2 (1 + SI N R)

Ps + Pd,t
. (6) 355

The notations used in this paper are listed in Table I. 356

III. UPLINK ENERGY EFFICIENCY IN 357

DIFFERENT PATH LOSS REGIMES 358

In this section, we evaluate the uplink energy efficiency 359

of the typical UE, assuming that the locations of BSs and 360

UEs are fixed. This corresponds to a particular realization 361

of the stochastic geometry HetNets as studied in Section II. 362
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We reveal the properties of uplink energy efficiency for363

different path loss regimes qualitatively. The optimal power364

control coefficient for maximizing the uplink energy efficiency365

of UEs is also obtained. For obtaining analytical insights,366

we assume throughout this section that the receiver threshold367

at BS is relative low compared to Pmax such that the maximal368

transmit power constraint becomes inactive. We note that the369

derivations in this section do not rely on the PPP assump-370

tions, and hence, the results hold for arbitrarily distributed371

�k and �u .372

A. Transfer Path Loss and Energy Efficiency373

In this subsection, we detail the energy efficiency analysis374

for the proposed uplink model with FPC. We show several375

interesting properties of uplink energy efficiency as the path376

loss and the power control coefficient are varied.377

The deterministic analysis in this section is motivated by378

the asymptotic behavior of energy efficiency in the high path379

loss regime, i.e., l → ∞. Let l be the path loss between380

the typical UE and its associated BS. Substituting (2) and (4)381

into (6), the energy efficiency of the UE is given by382

η (l, ε) =
Blog2

⎛

⎝1 + ht,olε−1

S N R−1+ ∑

x∈�u_o
Lε(x,bx )hx,o L−1

x

⎞

⎠

Pu (ε) lε + Ps
. (7)383

Note that, when the receiver threshold is low, l can be large384

without causing truncation outage as Lmax ≤ Pmax/ρ0. In the385

high path loss regime, the dynamic power consumption, which386

scales with the path loss and the power control coefficient, will387

dominate the total power consumption since Ps 	 Pu (ε) lε.388

Therefore, the static power consumption Ps can be ignored389

such that Pu (ε) lε + Ps ≈ Pu (ε) lε (this condition also holds390

for ε = 0 since Pu (ε) = Pmax is typically around 1 W while391

Ps is just tens of mW.). If ε ∈ [0, 1), ht,olε−1 is small such392

that the energy efficiency η (ε, l) can be approximated as393

lim
l→∞ η (l, ε) = Bht,ol−1 log2 e

Pu (ε) (SN R−1 + ∑

x∈�u_o

Lε (x, bx) hx,o L−1
x )

,394

(8)395

where ln (1 + x) ≈ x for x → 0. On the other hand, if ε = 1,396

we have397

η (l, ε) ≈ Bl−1

Pu (ε)
log2

⎛

⎜
⎝

ht,o

SN R−1 + ∑

x∈�u_o

L (x, bx) hx,o L−1
x

⎞

⎟
⎠.398

Therefore, when uplink UE is far away from its associated BS,399

the uplink energy efficiency always changes as O
(
l−1

)
for any400

ε ∈ [0, 1]. Without loss of generality, we write lim
l→∞ η (l, ε) =401

N(l)
D(ε) , where N(l) is set as the numerator of (8) and D(ε) is402

chosen accordingly for specific value of ε.403

In (8), we have set l → ∞ for mathematical tractability.404

In the following, we will evaluate the energy efficiency in405

the finite path loss regime and characterize the range of406

path losses, i.e., how large should l be, such that (8) holds.407

In particular, to study the impact of power control coefficient 408

on uplink energy efficiency of UEs using simplified notations, 409

the relative energy efficiency is applied, which is defined as 410

the ratio of η (l, ε) to η (l, 0), i.e., 411

r_η (l, ε) = η (l, ε)

η (l, 0)
. (9) 412

Thereby, r_η (l, ε) gives the energy efficiency of adopting 413

power control coefficient ε at UEs relative to η (l, 0), which is 414

the energy efficiency of applying the constant power control 415

scheme. As a trivial result, r_η (l, ε) = 1 holds if ε = 0. 416

According to (8) and (9), we have r_η (l, ε) = D(0)
D(ε) as 417

l → ∞. That is, the relative energy efficiency remains constant 418

for given ε in the high path loss regime. The properties of the 419

relative energy efficiency are detailed below. 420

Property 1: For any 0 < ε ≤ 1, the intersection point 421

between r_η (l, ε) and D (0)
/

D (ε) is l∗ =
(

I (ε)
I (0)

)1/ε
, where 422

I (ε) = D (ε)

Pu (ε)
= SN R−1 +

∑

x∈�u,o

Lε (x, bx) hx,o L−1
x . (10) 423

Proof: The intersection point of r_η (l, ε) and 424

D (0)
/

D (ε) is obtained by solving the equation r_η (l, ε) = 425

D (0)
/

D (ε). According to (7) and (10), we obtain 426

[
log2

(
1 + ht,ol(ε−1)

/
I (ε)

)

Pu (ε) lε

]

/

[
log2

(
1 + ht,ol−1

/
I (0)

)

Pu (0)

]

427

= Pu (0) I (0)

Pu (ε) I (ε)
. (11) 428

That is, l−ε · log2
(
1 + ht,ol(ε−1)

/
I (ε)

) = I (0)
I (ε) · 429

log2
(
1 + ht,ol−1

/
I (0)

)
. 430

According to Taylor’s theorem, for |x | < 1, log2 (1 + x) ≈ 431

log2 e
(

x + x2

2 + O
(
x2
))

. Since the path loss of UE l is 432

large enough such that ho,b0l(ε−1)
/

I (ε) < 1, (11) reduces 433

to l(ε−1) I (0) = I (ε) l−1, whose solution is given by l∗ = 434(
I (ε)
I (0)

)1/ε
. This completes the proof. 435

We refer to l∗, which is the intersection of relative energy 436

efficiency and D (0)
/

D (ε), as the transfer path loss. In the 437

sequel, the transfer path loss defines a critical point for 438

inspecting the uplink energy efficiency of UEs, based on 439

which the typical cell can divided into two access regions with 440

different behaviors in terms of energy efficiency. Before that, 441

an upper bound and a lower bound of l∗ are readily available. 442

Theorem 1: When the noise power is negligible com- 443

pared to the interference power, the transfer path loss l∗ is 444

bounded by 445

∑

x∈�u_o

ho,x L−1
x

∑

x∈�u_o

L−ε (x, bx) ho,x L−1
x

≤ (
l∗
)ε ≤ E

[
Lε (x, bx)

]
. 446

Proof: By ignoring the noise in I (ε), I (ε)
/

I (0) is given 447

as 448

I (ε)

I (0)
=
∑

x∈�u_o
Lε (x, bx) ho,x L−1

x
∑

x∈�u_o
ho,x L−1

x
. (12) 449
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I (ε)

I (0)
= exp

⎡

⎣ln

⎛

⎝
∑

x∈�u_o

Lε (x, bx) ho,x L−1
x

⎞

⎠− ln

⎛

⎝
∑

x∈�u_o

ho,x L−1
x

⎞

⎠

⎤

⎦ (13)

For 0 ≤ ε ≤ 1 and x > 0, a (x) = xε is a mono-increasing450

function of x , and b (x) = x−1 is a mono-decreasing451

function of x . According to the Chebyshev’s sum inequal-452

ity [35], for any ak > 0, bk > 0 and sequences {ak}, {bk}453

have different monotonicity properties, then 1
n

∑n
k=1 akbk �454 ( 1

n

∑n
k=1 ak

) ( 1
n

∑n
k=1 bk

)
.455

Hence, I (ε)
I (0) � 1

n

∑
x∈�u_o

Lε (x, bx), where n is the num-456

ber of interfering UEs. According to Property 1, (l∗)ε =457

I (ε)
/

I (0). Therefore, the upper bound is obtained as (l∗)ε ≤458

1
n

∑
x∈�u_o

Lε(x, bx) = E [Lε (x, bx)].459

To derive the lower bound, we first observe (13), shown at460

the top of this page. Since ln x is a concave function of x ,461

it can be obtained as462

ln

⎛

⎝
∑

x∈�u_o

Lε (x, bx) ho,x L−1
x

⎞

⎠− ln

⎛

⎝
∑

x∈�u_o

ho,x L−1
x

⎞

⎠463

> ln

⎛

⎝
∑

x∈�u_o

ho,x L−1
x

⎞

⎠− ln

⎛

⎝
∑

x∈�u_o

L−ε (x, bx) ho,x L−1
x

⎞

⎠.464

(14)465

which leads to inequality I (ε)
I (0) >

∑
x∈�u_o ho,x L−1

x
∑

x∈�u_o L−ε(x,bx)ho,x L−1
x

.466

Therefore, the lower bound of (l∗)ε is given by467 ∑
x∈�u_o ho,x L−1

x
∑

x∈�u_o L−ε(x,bx )ho,x L−1
x

. This completes the proof.468

The lower and upper bounds in Theorem 1 also reveal the469

impact of interfering UEs on the transfer path loss. Note that470

the upper bound of (l∗)ε gives the expected εth moment of471

L (x, bx), while the lower bound of (l∗)ε is the inverse of the472

generalized abstracted mean value of moment Lε (x, bx) [38].473

That is, the transfer path loss of l∗ is fundamentally deter-474

mined by the moment of L (x, bx). This is because, by FPC,475

the path loss between an interfering UE and its associated BS,476

i.e., L (x, bx), determines the average interference power,477

cf. (4). Since UEs in the regime of high path loss usually locate478

far from their associated BS, the uplink energy efficiency of479

these UEs is sensitive to the interference power.480

The transfer path loss provides an interesting starting point481

for energy efficiency analysis. In particular, as revealed in482

Properties 2 and 3, the energy efficiency exhibits adverse483

behaviors in different access regions divided according to the484

transfer path loss.485

Property 2: In the access region of l > l∗, η (l, ε)486

is closely approximated by N (l)
/

D (ε), where the maxi-487

mal gap between η (l, ε) and N (l)
/

D (ε) is bounded by488

N (l∗) P−1
u (ε) I−2 (ε) · ht,ol∗(ε−1).489

Proof: Please refer to Appendix A.490

Remark 1: Based on Property 2, if the path loss of UE491

satisfies l > l∗, the uplink energy efficiency of UE scales492

with l as O
(
l−1

)
approximately. This implies that l > l∗ is493

sufficiently large for (8) to hold. Specifically, even though in494

the finite path loss regime of l∗ < l < ∞, the system is 495

interference limited, and the SINR of the desired UE is low 496

such that the approximation ln (1 + x) ≈ x in (8) is valid. 497

Hence, the uplink energy efficiency scales with path loss in the 498

order of O
(
l−1

)
. Note that for l > l∗, D (ε) is a monotonically 499

increasing function of ε, and a small ε always leads to a high 500

uplink energy efficiency for given path loss l, independent of 501

the value of path loss. Hence, for l > l∗, the optimal power 502

control coefficient will always be zero. This is expected as, if a 503

UE is far away from its serving BS, its desired signals will be 504

mainly degraded by the aggregate interference power from co- 505

channel UEs in other cells. By decreasing the value of power 506

control coefficient, the co-channel interference power reduces, 507

and the energy efficiency of desired uplink UEs is improved. 508

Property 3: In the access region of l < l∗, η (l, ε) is a 509

mono-decreasing function of l and ∂η(l,ε)
∂l is a mono-increasing 510

function of ε. 511

Proof: Please refer to Appendix B. 512

Remark 2: Property 3 is due to the fact that when UEs 513

are close to the BS, the impact of interfering UEs on the 514

desired uplink UEs becomes sufficiently weak, whereas the 515

uplink energy efficiency in this region is critically determined 516

by the power consumption of UE. In particular, the desired 517

uplink UE can transmit its desired signal with a high data 518

rate while consuming a small amount of power. The closer 519

to its associated BS the desired UE is, the less dynamic 520

transmit power is consumed. Therefore, the uplink energy 521

efficiency decreases with path loss. Meanwhile, according 522

to (2), the power consumption of UE decreases fast with large 523

power control coefficient for given path loss. As a result, 524

the uplink energy efficiency can increase with the power 525

control coefficient at an increasing rate. 526

To verify the derivations above and, at the same time, 527

to study the impact of path loss and power control coefficient 528

on energy efficiency of uplink UE, Monte Carlo simulation 529

results and analytical results are compared for different values 530

of ε in Fig. 2. The same simulation parameters as in Table II 531

of Section V are adopted here. Both analytical and simulation 532

results show the existence of the transfer path loss for uplink 533

energy efficiency. This is because, when UEs are located 534

further than l∗, their energy efficiency curves for given ε 535

become approximately parallel to the curve η (l, 0), i.e., they 536

decrease inversely with the path loss, which is consistent with 537

Property 2. On the other hand, when l < l∗, both power control 538

coefficient and path loss can affect the uplink energy efficiency 539

as established in Property 3. 540

Fig. 2 also provides insights into the impact of the co- 541

channel interference on the uplink energy efficiency. In the 542

region l > l∗, due to the influence from interfering UEs in 543

other cells, the desired signal power and the interference power 544

change in pace as O(lε−1) and O(lε) for different values of ε, 545

respectively. Therefore, the resulting uplink energy efficiency 546
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TABLE II

PARAMETERS SETTING FOR SIMULATIONS

Fig. 2. The analysis and numerical results of uplink energy efficiency
changing with path loss for different power control coefficients. For l∗ ,
the derived upper and lower bounds are also shown in the figure.

decreases asymptotically as O
(
l−1

)
for given ε ∈ [0, 1]. In the547

region of l < l∗, however, interference power is relatively548

small since the desired UE is close to its associated BS. As a549

result, the uplink energy efficiency is mainly affected by the550

desired signal power. And UEs with small path loss and large551

power control coefficient will obtain a high uplink energy552

efficiency as the desired signal power is reduced.553

B. Optimal Power Control Coefficient554

Now we study the optimal power control coefficient for555

UEs in different access regions. Property 2 reveals that the556

uplink energy efficiency decreases with ε when path loss of557

UE satisfies l > l∗. Moreover, based on Property 3, the uplink558

energy efficiency increases rapidly with l in the region l < l∗559

for large ε. Therefore, the optimal power control coefficient ε∗
560

for maximizing uplink energy efficiency is ε∗ = 0 when UEs561

is located in l > l∗. However, in the region of l < l∗,562

ε∗ depends on the location of uplink UEs, which is further563

studied here. Without loss of generality, the uplink energy564

efficiency optimization problem can be formulated as565

max
ε

η (ε, l)566

s.t. 0 � ε � 1. (15)567

For given path loss l, the optimal ε∗ in (15) can be obtained568

via one-dimensional search [39]. For example, given the path569

loss l, a simple uniform search can be applied, where the initial570

Fig. 3. The optimal power control coefficient for maximization of uplink
energy efficiency under different path losses.

interval of I0 = [0, 1] is equally divided into n small subin- 571

tervals and the energy efficiency at grid points ε0,k = k/n, 572

k = 0, . . . , n, are evaluated. Let ε∗
0 be the grid point achieving 573

the largest value of η
(
ε0,k, l

)
, it follows that the maximum of 574

η (ε, l) will lie in the interval I1 = [
ε∗

0 − 1/n, ε∗
0 + 1/n

]
[33]. 575

The process repeats by setting I0 = I1 before the desired 576

accuracy is reached. The optimal power control coefficient for 577

maximizing the uplink energy efficiency with different path 578

losses is illustrated in Fig. 3. From Fig. 3 it can be observed 579

that, when the path loss is small, the optimal power control 580

coefficient is ε∗ = 1, that is, the complete channel inversion 581

power control will achieve the highest uplink energy efficiency. 582

This result is consistent with Property 3. On the other hand, 583

when the path loss of UE increases, so does the dynamic 584

power consumption under complete channel inversion power 585

control, which decreases the uplink energy efficiency. In this 586

case, decreasing the power control coefficient can improve the 587

energy efficiency for uplink UEs. When UE is far enough from 588

its associated BS and the energy efficiency becomes mainly 589

affected by the aggregate interference power, ε∗ = 0 leads 590

to the minimal interference power and therefore obtains the 591

maximal uplink energy efficiency. 592

As analytical expressions of the optimal power control 593

coefficient for solving (15) are generally difficult to obtain,2 594

we will characterize l∗ (ε) alternatively. Herein, l∗ (ε) defines 595

the path loss when the optimal uplink energy efficiency in (15) 596

is achieved by employing power control coefficient ε. The 597

upper bound of l∗ (0) and the lower bound of l∗ (1) are 598

provided in Theorem 2. The derived results enable the power 599

control policy to be adjusted in a convenient way for energy 600

efficient uplink transmission. 601

Theorem 2: In the region l < l∗ (1), the optimal power 602

control coefficient is ε∗ = 1 and the lower bound of l∗ (1) is 603

2The approximation technique in [32] for deriving approximate optimal
transmission capacity of FPC does not apply here as the energy efficiency
optimization involves solving a fractional program, which is non-convex and
hard to solve.
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exp

((
ho,b0 I (1)

ln
(
1+ho,b0 I (1)

) − 1

)−1

· I ′(1)
I (1)

)

. In the region l > l∗ (0),604

the optimal power control coefficient is ε∗ = 0 and the upper605

bound of l∗ (0) is ht,o I−1(0)

ln(1+ht,o I−1(0))
.606

Proof: Please refer to Appendix C.607

IV. AVERAGE UPLINK ENERGY EFFICIENCY UNDER608

MAXIMAL POWER CONSTRAINT609

When the maximal transmit power constraint is taken into610

account, the uplink energy efficiency becomes dependent on611

the receiver threshold. For example, if the BSs have a large612

receiver threshold, although the energy efficiency of the active613

UEs can be high, the number of active UEs will decrease,614

i.e., more UEs will suffer truncation outage. On the other615

hand, if the receiver threshold of BS is small so that more616

associated UEs are active, then UEs with bad channels and617

thus low energy efficiency will deteriorate the average uplink618

energy efficiency in the HetNets. Therefore, under the maximal619

transmit power constraint, the average uplink energy efficiency620

of all UEs has to be investigated. Different from the deter-621

ministic analysis in Section III, the spatial distributions of622

BSs and UEs (following independent PPPs, cf. Section II),623

are considered for a quantitative evaluation of the average624

energy efficiency. With the aid of stochastic geometric theory,625

we first characterize the probability distributions of transmit626

power and the truncation outage probability. Based on these627

results, we could then derive the average energy efficiency in628

the uplink.629

A. Distribution of Path Loss630

We define the propagation process from the typical UE to631

its serving BS in tier k as Uc � {L (o, t)}o∈�k
. The process Uc632

can be interpreted as an inhomogeneous Poisson point process633

with intensity measure 
k (t) = πλkE

[
S2/α

k

]
t2/α [29], which634

varies with tier index k. Then, based on Uc, we characterize635

in Proposition 1 the distribution of the path loss between UEs636

and their associated BSs.637

Proposition 1: Under maximum transmission power con-638

straint, the probability density function (PDF) of the path639

loss between a typical active UE and its serving BS is640

given by641

fL≤Lmax (l) = δlδ−1
K∑

j=1

πλ j E

[
Sδ

j

]
· exp

(−G jlδ
)

1 − exp
(−G j Lδ

max

) , (16)642

for 0 ≤ l ≤ Lmax, where δ = 2
/
α and Gk =643

∑K
j=1 πλ j E

[
Sδ

j

] (
Pp, j

/
Pp,k

)δ denotes the superposition644

intensity of BSs.645

Proof: Define Ak = P (K = k) as the probability of646

selecting tier k during UE and BS association, where K is647

a random variable to denote the associated tier of the typical648

UE. We have [33]649

Ak = λkE
[
Sδ

k

]
Pδ

p,k
∑

j∈K λ j E

[
Sδ

j

]
Pδ

p, j

. (17)650

The PDF of path loss between the typical UE and 651

its associated BS in tier k is obtained by the derivative 652

of 
k (t) [29] as 653

fL ( l| K = k) = δGklδ−1 exp
(−Gklδ

)
. (18) 654

Under the maximal transmit power constraint, the path loss 655

of the active UE is limited by Lmax = Pmax
/
ρ0. Therefore, 656

under maximum output power constraint, the conditional path 657

loss distribution for the desired uplink UE that associates to 658

tier k is 659

fL≤Lmax ( l| K = k) = fL ( l| K = k)

P (l ≤ Lmax)
660

= δGklδ−1 · exp
(−Gklδ

)

∫ Lmax
0 δGkr δ−1 · exp

(−Gkr δ
)

dr
661

= δGklδ−1 · exp
(−Gklδ

)

1 − exp
(−Gk Lδ

max

) . (19) 662

Based on (17) and (19), the path loss distribution for the 663

desired uplink can be obtained based on the total probability 664

formula as 665

fL≤Lmax (l) =
K∑

j=1

A j
δG j lδ−1 · exp

(−G jlδ
)

1 − exp
(−G j Lδ

max

) 666

= δlδ−1
K∑

j=1

πλ j E

[
Sδ

j

]
· exp

(−G jlδ
)

1 − exp
(−G j Lδ

max

) . 667

668

Corollary 1: Assume that the typical UE is associated to 669

tier k, i.e., K = k. Let random variable KI denote the associ- 670

ated tier for a subset of interfering UEs, e.g., KI = j denotes 671

interfering UEs in tier j . The path loss between an interfering 672

UE at x and the typical BS is given as L (x, o) = y. Then, 673

under the maximal transmit power constraint, the conditional 674

PDF of the path loss between the interfering UE and its 675

associated BS in tier j , denoted by L (x, bx), is given as 676

fL I ≤Lmax ( lI | KI = j, K = k, L (x, o) = y) 677

= δG jl
δ−1
I · exp

(−G jlδI
)

(
1 − exp

(−G j Lδ
max

)) (
1 − exp

(−Gk yδ
)) . (20) 678

Proof: According to the association rule, the interfering 679

UE cannot associate with tier k and its path loss is bounded 680

as L (x, bx) ≤ Pp, j
Pp,k

L (x, b0). According to the definition 681

of Gk , we can obtain Gk = G j

(
Pp, j
Pp,k

)δ
. Then the path loss 682

distribution for interfering UEs associated with BSs in tier j is 683

fL I ≤Lmax ( lI | KI = j, K = k, L (x, b0) = y) 684

= fL ( lI | KI = j, K = k)

P

(
lI ≤ Pj y

Pk

) 685

= δG jl
δ−1
I · exp

(−G jlδI
)

(
1 − exp

(−G j Lδ
max

)) (
1 − exp

(−Gk yδ
)) . (21) 686

687

Based on (19) and (21) we observe that, if the path loss 688

between an interfering UE at x and the typical BS in tier k 689

at o is L (x, o), then the interfering UE associates to its 690
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serving BS in tier k with probability exp
(−Gk Lδ (x, o)

)
691

while it associates to the BS in other tiers with probability692 [
1 − exp

(−Gk Lδ (x, o)
)]

. A similar property was also found693

in [30]; however, here we show it for uplink power control694

with constrained transmit power. Based on this property, when695

the typical BS is located in tier k, the propagation process of696

interfering UEs in tier j to the location of the typical BS can697

be approximated by a PPP. Corollary 1 also implies that the698

path loss distribution of the interfering UEs in tier k is thinned699

from the parent path loss distribution of the desired UEs700

in (16) or (19) with probability
[
1 − exp (−Gk L (x, o))

]
. This701

thinning property regarding the point process of interfering702

UEs is also described in [31] by applying an exponent approx-703

imation method. Although the approximation method in [31]704

achieves a high accuracy, the complexity is very high for705

multi-tier HetNets. Hence, for low computational complexity,706

we only use the general thinning factor in this paper.707

B. Distribution of Transmit Power708

Based on Proposition 1, we can further obtain the PDF of709

transmit power.710

Proposition 2: Under maximal transmit power constraint,711

the PDF of the transmit power for an active UE in tier k is712

fPd,k≤Pmax ( x | K = k) =
δGk xδ/ε−1 exp

(
−Gk

(
x

Pu (ε)

)δ/ε
)

εPδ/ε
u (ε)

(
1 − exp

(−Gk Lδ
max

)) ,713

(22)714

for 0 ≤ x ≤ Pmax.715

Proof: For an active UE in tier k, the transmit power716

is given by Pd,k = Pu (ε) Lε
t,k , where Lt,k has the Rayleigh717

distribution as shown in (18). The PDF of Pd,k is then given by718

fPd,k≤Pmax ( x | K = k)719

=
δGk xδ/ε−1 · exp

(
−Gk

(
x
/

Pu (ε)
)δ/ε

)

εPδ/ε
u (ε)

∫ Pmax
0 δGktδ/ε−1 · exp

(
−Gk

(
t
/

Pu (ε)
)δ/ε

)
dt

720

=
δGk xδ/ε−1 · exp

(
−Gk

(
x
/

Pu (ε)
)δ/ε

)

εPδ/ε
u (ε)

(
1 − exp

(−Gk Lδ
max

)) . (23)721

This completes the proof. However, as a byproduct of the722

proof, we obtain the μth moment of Pd,k as E

[
Pμ

d,k

]
=723

∫ Pmax
0 xμ fPd,k (x) dx , and724

E

[
Pμ

d,k

]
=
∫ Pmax

0

δGk xδ/ε+μ−1 exp

(
−Gk

(
x

Pu (ε)

)δ/ε
)

εPδ/ε
u (ε)

(
1 − exp

(−Gk Lδ
max

)) dx725

= Pμ
u (ε) γ

(
με
/
δ + 1, Gk Lδ

max

)

Gμε/δ
k

(
1 − exp

(−Gk Lδ
max

)) , (24)726

which will enable us to explain the simulation results in727

Section V.728

Based on Proposition 2, for given power control coef-729

ficient ε, the average transmit power of UEs decreases730

with Lmax. This is because a large Lmax allows the731

uplink UEs to transmit at a high power level. Meanwhile,732

Proposition 2 shows that the average transmission power 733

of uplink UEs decreases with the superposition intensity 734

of BSs Gk . This is reasonable since the average path loss 735

between a UE and its associated BS decreases with Gk . Thus 736

the UE only requires a lower transmit power to overcome the 737

path loss attenuation. 738

C. Truncation Outage Probability 739

The typical UE associated to BSs in tier k possibly suffer 740

truncation outage due to the maximal transmit power con- 741

straint. The truncation outage probability, defined as Pout � 742∑K
j=1 A j · Pout (K = k), is characterized in the following 743

proposition. 744

Proposition 3: The truncation outage probability Pout of 745

uplink UEs associated with multi-tier cellular networks is 746

Pout =
K∑

j=1

A j exp
(
−G j

(
Pmax

/
ρ0
)δ)

. (25) 747

Proof: According to the path loss distribution given in 748

Proposition 1, the truncation outage probability of uplink UEs 749

associated to tier k is obtained as 750

Pout (K = k) � P

{
Lt ≥ Pmax

ρ0

}
= exp

(
−Gk

(
Pmax

/
ρ0
)δ)

. 751

Then, by applying the total probability formula and the prob- 752

ability of tier selection, (25) is readily available. 753

From Proposition 3 we can observe that the truncation outage 754

probability increases with ρ0. This is due to the fact that 755

the smaller the receiver threshold is, the more uplink UEs 756

will become active, which can reduce the truncation outage 757

probability. However, the active UEs with bad channels may 758

deteriorate the uplink energy efficiency in HetNets. Hence 759

ρ0 leverages a trade-off between the average uplink energy 760

efficiency and the truncation outage probability in the K -tier 761

HetNets, which will be investigated in the sequel. 762

D. Average Uplink Energy Efficiency 763

Assume that the spectrum bandwidth is equally allocated 764

among the UEs associated to the typical BS, the average uplink 765

energy efficiency in the HetNets is then given by 766

E [η] = E

[
W

N
· log (1 + SI N R)

(
Ps + Pd,t

)

]

, (26) 767

where W is the total bandwidth of spectrum, N is the total 768

number of uplink UEs sharing the spectrum resource. The 769

average uplink energy efficiency of the HetNets is character- 770

ized by the following theorem. 771

Theorem 3: The average uplink energy efficiency of active 772

UEs with power control coefficient ε under maximum trans- 773

mit power constraint is given by (27), shown at the bot- 774

tom of the next page, where τ = 2ηn(Ps+Pd,t)
/

W − 1, 775

P (N = n) = 3.53.5

(n−1)!
�(n+3.5)
�(3.5)

(
λu Ak
λk

)n−1(
3.5 + λu Ak

λk

)−(n+3.5)
, 776

2 F1 (·) denotes the Gauss hypergeometric function [40], and 777

EL I |K =k [x] is given in Corollary 1. 778
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Proof: According to the total probability formula,779

the average uplink energy efficiency of UEs in K -tier HetNets780

is given by781

E [η] =
K∑

k=1

AkEk [η |K = k ], (28)782

where Ak is the probability that uplink UEs are associated with783

BSs in tier k. E [η |K = k ] is the average energy efficiency784

given that the uplink UEs are associated with BSs in tier k.785

From (17), we have (29), shown at the bottom of this page,786

where P (N = n) is the probability mass function (PMF) for787

the random number of uplink UEs associated to tier k [41].788

Substituting (4) into (29), we have (30), shown at the789

bottom of this page, where (a) is due to Rayleigh fading790

ht,o ∼ exp (1). Ir = ∑
x∈�u_o

hx,o Lε (x, bx) L−1
x is the791

uplink interference at the BS0. Finally, LIr |kBS=k,N=n (s) is792

the Laplace transform of the interference when the serving793

BS is located in tier k and the load number is n.794

Considering the maximal transmit power for the active UE,795

we have796

E

[
exp

(
−τ L1−ε

x SN R−1
)]

797

=
∫ Lmax

0
exp

(
−τ l1−ε SN R−1

)
fL ( l| K = k) dl, (31)798

where fL ( l| K = k) is given in (18). Moreover,799

the Laplace transform of interference LIr |kBS=k (s) under an800

inhomogeneous PPP model can be obtain from [30] as (32), 801

shown at the bottom of the this page. 802

Finally, (27) can be obtained by substituting (30), (31), 803

and (32) into (29). This completes the proof. 804

V. PERFORMANCE EVALUATION 805

In this section, the derived analytical results are validated 806

via Monte Carlo simulation and the impact of power control 807

coefficient, dynamic power consumption and density of BS 808

on the system performance is also evaluated. We consider a 809

two-tier HetNet, which consist of macro and pico cells. The 810

simulation parameters are set according to a typical two-tier 811

HetNet evaluated in [41], which are summarized in Table II 812

unless otherwise stated. Moreover, the density of UEs is 813

λu = 50λ2 to ensure that the saturation condition is satisfied 814

with high probability. 815

For Monte Carlo simulation, different realizations of the 816

locations of UEs and BSs are generated according to the 817

PPPs with the respective point densities. For each realization 818

and receiver threshold, the path losses between UEs and their 819

associated BSs are calculated according to the channel model; 820

moreover, by applying FPC with given power control coef- 821

ficient across the network, the transmit power consumption, 822

achievable data rate, as well as truncation outage events are 823

obtained for evaluating the average energy efficiency. Note 824

that the association results are updated whenever the value of 825

receiver threshold changes. The final results are gathered by 826

averaging over 104 realizations. 827

E [η] =
K∑

k=1

Ak

∑

n>0

P (N = n)

∫ ∞

0
P {SI N R > τ |K = k, N = n } dη,

P {SI N R > τ |K = k, N = n }

= δGk

1 − exp
(−Gk Lδ

max

)
∫ Lmax

0
lδ−1 exp

⎛

⎝−Gklδ − τ l1−ε

SN R
− δL1−ε

x τ

1 − δ

K∑

j=1

(
Pj

∑K
k=1 Pk

)1−δ

A j G j

× E L I ≤Lmax|K =k

[

lδ−(1−ε)
I 2 F1

(

1, 1−δ, 2 − δ,− L1−ε
x τ Pj

l1−ε
I

∑K
k=1 Pk

)])

dl (27)

Ek [η |K = k ] =
∫ ∞

0
P

[
W

N
· log 2 (1 + SI N R)

Ps + Pd,t
> η |K = k

]
dη

=
∑

n>0

P [N = n]
∫ ∞

0
P

[
SI N R > 2

ηn(Ps +Pd,t)
W − 1 |K = k, N = n

]
dη (29)

∫ ∞

0
P{SI N R > τ |K = k, N = n } dη =

∫ ∞

0
P

{
ht,o Lε−1

t

SN R−1 +∑
x∈�u_o

hx,o Lε (x, bx) L−1
x

> τ |K = k, N = n

}

dη

=
∫ ∞

0
P

⎧
⎨

⎩
ht,o Lε−1

t > τ(SN R−1 +
∑

x∈�u_o

hx,o Lε (x, bx) L−1
x ) | K = k, N = n

⎫
⎬

⎭
dη

(a)=
∫ ∞

0
E

[
exp

(
−τ L1−ε

x SN R−1
)]

· LIr |kBS=k

[
L1−ε

x τ
]

dη (30)

LIr |kBS=k (s) = exp

⎛

⎝− δs

1 − δ

K∑

j=1

(
Pj

∑K
k=1 Pk

)1−δ

A j G j × E L I ≤Lmax|K =k

[

lδ−(1−ε)
I 2 F1

(

1, 1 − δ, 2 − δ,− s Pj

l1−ε
I

∑K
k=1 Pk

)])

(32)
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Fig. 4. Average transmit power for different power control coefficients.

Fig. 5. Average transmit power for different BS densities.

A. Average Transmit Power of UE828

Fig. 4 shows the analytical and simulation results for the829

average transmit power of the uplink UEs under different830

power control coefficients. We observe that the analytical and831

simulation results are highly consistent. Meanwhile, the aver-832

age transmit power increases with the receiver sensitivity ρ0833

for given power control coefficient. Interestingly, the average834

transmit power increases at a high rate in the low regime of ρ0,835

since the uplink UEs require a higher transmit power as the836

received threshold at their associated BSs increases. However,837

in the high regime of ρ0, the average transmit power of838

uplink UEs saturates due to constrained maximal output power.839

According to the distance-proportional FPC, the saturation840

level of average transmit power decreases with power control841

coefficient for given ρ0, which is also shown in Fig. 4.842

In Fig. 5, we evaluate the average transmit power for843

different BS densities under ε = 0.5 and ε = 0.7, respectively.844

As shown in Fig. 5, the average transmit power increases845

with both the received threshold ρ0 and the BS density for846

given ε. Meanwhile, in the high regime of ρ0, the average847

transmit power saturates to a constant level whose value is848

Fig. 6. Truncation outage probability for different BS densities.

independent of BS densities. Similar results have also been 849

observed in [24]. However, we can further show herein that 850

the saturate value is given by lim
ρ0→∞ E [Pk ] = δ

δ+ε Pmax, based 851

on (24). Recall that when ρ0 is high, the uplink UEs at cell 852

edges whose required transmit power exceeds Pmax will be 853

truncated. Therefore, the average transmit power of active UEs 854

cannot exceed δ
δ+ε Pmax, which decreases with ε. 855

B. Truncation Outage Probability of UE 856

Fig. 6 shows the analytical and simulation results for the 857

truncation outage probability of the two-tier HetNets under 858

different BS densities. We observe that, as expected, the trun- 859

cation outage probability decreases with the BS densities. 860

In particular, because the average distance between a UE 861

and its associated BS increases as the BS density decreases, 862

the transmit power becomes insufficient to compensate the 863

path loss due to ceiling at the maximal transmit power. Hence, 864

the likelihood of the uplink UE suffering truncation outage 865

is increased while accessing the network. By contrast, for 866

a high BS density, the uplink UE can access the HetNet 867

easily for being close to the BSs. As is consistent with 868

Proposition 3, when receiver threshold ρ0 is close to maximal 869

output power Pmax, the truncation outage probability of HetNet 870

will saturate. In this case, large number of UEs will fail in 871

uplink communication, which can deteriorate average uplink 872

energy efficiency in the HetNets. 873

C. Energy Efficiency of Uplink UEs and Impact 874

of Truncation Outage 875

1) Average Energy Efficiency Without Truncation Outage: 876

Fig. 7 shows the average uplink energy efficiency for different 877

power control coefficients, where the static power consumption 878

is Ps = 4 mW. In Fig. 7, we set the truncation outage proba- 879

bility to be zero. It can be observed that large power control 880

coefficient is always better in this figure. This is because 881

with zero truncation outage probability, UE with small power 882

consumption will achieve a higher uplink energy efficiency. 883

We also find that the average uplink energy efficiency increases 884

with ρ0 in the low and medium regimes of ρ0. This is because 885

when ρ0 is small, UEs with large path loss can still access 886
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Fig. 7. Average energy efficiency for different power control coefficients
without truncation outage.

the network, which deteriorates the average energy efficiency.887

Interestingly, for given ε, there exists an optimal value of888

average uplink energy efficiency in the high regime of ρ0.889

To explain this result, we note that, when ρ0 is equal to Pmax,890

only uplink UEs whose dynamic power consumption is Pmax891

can transmit signals. In this case, the average uplink energy892

efficiency will converge to the same value lim
ρ0→∞ E [η] =893

R
Pmax+Ps

irrespective of the adopted value of ε. On the other894

hand, when ρ0 is close to Pmax, we already know that the895

average transmit power is δ
δ+ε Pmax, cf. Fig. 5; in this case,896

since δ
δ+ε < 1, the average uplink energy efficiency can be897

approximated as E [η] ≈ R
δ

δ+ε Pmax+Ps
and thus decreases with898

ρ0 before approaching Pmax. Therefore, the maximum value899

of average uplink energy efficiency will appear in the high900

regime of ρ0. Moreover, the maximum average uplink energy901

efficiency increases with power control coefficient since δ
δ+ε902

decreases with ε. This result also matches our study of the903

optimal power control coefficient in Fig. 3, where a higher904

power control coefficient achieves a higher uplink energy905

efficiency when UEs have a small path loss.906

Fig. 8 illustrates the average uplink energy efficiency for907

different BS densities under ε = 0.8. We observe that the908

average uplink energy efficiency increases quickly as the BS909

density λ2 is increased from 2λ1 to 20λ1, while it tends to910

saturate as λ2 is increased from 20λ1 to 200λ1. The result911

suggests that we could not enhance the average uplink energy912

efficiency by only increasing the density of BSs. Interestingly,913

the optimal receiver threshold for maximizing average uplink914

energy efficiency decreases with λ2. This is because, as shown915

in Fig. 2, the path loss for maximizing uplink energy efficiency916

decreases with the density of BSs. Note also that, in contrast to917

Fig. 7, the average uplink energy efficiency curves for different918

densities of BS in Fig. 8 do not converge as ρ0 approaches919

Pmax. This is because although the saturated average transmit920

power δ
δ+ε Pmax is independent of λ2, the average load of921

cell N still depends on the BS density. Nevertheless, the922

average uplink energy efficiency decreases with ρ0 with the923

same slope as ρ0 approaches Pmax.924

Fig. 8. Average energy efficiency for different BS densities without truncation
outage.

Fig. 9. Effective energy efficiency for different BS densities with truncation
outage.

2) Effective Average Energy Efficiency With Truncation 925

Outage: Finally, to show the impact of truncation outage 926

under maximal transmit power constraint, the effective uplink 927

energy efficiency, defined as (1 − Pout ) E [η], is evaluated for 928

different BS densities in Fig. 9. The effective uplink energy 929

efficiency characterizes the average uplink energy efficiency 930

for active UEs. From Fig. 9 we observe that the effective 931

uplink energy efficiency strictly increases with the BS density, 932

since a higher BS density leads to a smaller access distance 933

and thus a lower truncation outage probability. Note that when 934

the density of BSs or the maximal transmit power is large 935

enough, the truncation outage probability becomes small and 936

negligible. In this case, the effective uplink energy efficiency 937

will reduce to average uplink energy efficiency as evaluated 938

in Fig. 7 and Fig. 8. Meanwhile, there exists an optimal 939

receiver threshold for maximization of the effective uplink 940

energy efficiency, implying an interesting trade-off between 941

truncation outage probability and transmission power lever- 942

aged by the receiver threshold. In particular, a higher receiver 943

threshold results in a higher truncation outage probability, 944

i.e., more inactive UEs. Therefore, optimal receiver threshold 945
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for maximizing the effective uplink energy efficiency is less946

than the receiver threshold for maximizing the average uplink947

energy efficiency.948

In fact, Figs. 6–9 also reveal an interesting interplay between949

truncation outage, power control, and energy efficiency. Recall950

from Fig. 6 that, when the ρ0 is larger than 0 dBm, the951

value of 1 − Pout , i.e., the probability of no truncation outage,952

is about 10−2 ∼ 10−3 for λ2 = 2λ1. However, since UEs953

locate close to their serving BS for λ2 = 2λ1, according to954

Fig. 7, the average EE is as high as 106 bps/W by FPC. As a955

result, the effective uplink EE does not go to zero but reaches956

about 103 ∼ 104 bps/W in Fig. 9.957

VI. CONCLUSIONS958

In this paper, a tractable model was introduced to analyze959

the energy efficiency of uplink power control in multi-tier960

HetNet systems. The practical constraint of maximal transmit961

power at UEs was considered and the impacts of power962

control coefficient, density of BSs, and receiver threshold on963

the uplink energy efficiency were investigated. We show the964

existence of a transfer path loss, by which the access area can965

be divided into two regions of different properties in terms of966

energy efficiency. These properties show that the interference967

from other cells play different roles on the uplink energy968

efficiency of UEs for different path losses.969

The analysis of uplink energy efficiency of UEs was970

extended to study the average uplink energy efficiency in971

HetNets. We find that the average transmit power of UEs will972

be a constant when receiver threshold is high enough. Our973

results also suggest that the optimal average uplink energy974

efficiency is obtained when that receiver threshold is close but975

not equal to the maximal transmit power due to an interesting976

trade-off between truncation outage and transmission power977

leveraged by the receiver threshold. Meanwhile, the maximal978

effective uplink energy efficiency in HetNets can be improved979

by increasing the density of BS and balancing the values of980

receiver threshold and power control coefficient.981

APPENDIX A982

PROOF OF PROPERTY 2983

If the path loss l is large enough, the noise can be ignored984

and the uplink energy efficiency η (l, ε) can be expanded985

through Taylor’s theorem for l > l∗ as (A.1), shown at the 986

bottom of the this page. 987

Then
∣
∣η (l, ε) − N (l)

/
D (ε)

∣
∣ � N (l) P−1

u (ε) I−2 (ε) 988

ht,olε−1. 989

For ε ∈ [0, 1], ε − 1 � 0, such that both N (l) and lε−1
990

are mono-decreasing function for l > l∗. The gap between 991

η (l, ε) and N (l)
/

D (ε) will be close to zero as the path loss 992

of UE increasing. We can get N (l) P−1
u (ε) I−2 (ε) ht,olε−1 � 993

N (l∗) P−1
u (ε) I−2 (ε) ht,ol∗(ε−1), where the equality holds 994

with ε = 1. 995

APPENDIX B 996

PROOF OF PROPERTY 3 997

In the region of l < l∗, we have (B.1), shown at the 998

bottom of this page. Since ε − 1 < 0, it is easy to verify 999

that ∂η(l,ε)
∂l < 0, i.e., η (l, ε) is decreasing with l. 1000

According to ax
1+ax < ln (1 + ax) for x > −1, we get 1001

ln
(

1 + ht,ol(ε−1) I−1 (ε)
)

>
ht,ol(ε−1) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)
. (B.2) 1002

Substituting (B.2) into (B.1), we obtain the inequalities 1003

in (B.3), shown at the top of the next page. Therefore, we have 1004

− log2 e

Pu (ε) lε+1 ln
(

1 + ht,ol(ε−1) I−1 (ε)
)

<
∂η (l, ε)

∂l
1005

< − log2 e

Pu (ε) lε+1

ht,ol(ε−1) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)
. (B.4) 1006

Since both l(ε−1) and I−1 (ε) are decreasing with ε, such 1007

that ln
(
1 + ht,ol(ε−1) I−1 (ε)

)
and ht,ol(ε−1) I−1(ε)

1+ht,ol(ε−1) I−1(ε)
is decreas- 1008

ing with ε. Meanwhile, l−(ε+1) are decreasing with ε, such that 1009

both left and right hand sides of (B.4) increase with ε. Then 1010

according to the Squeeze Theorem, ∂η(l,ε)
∂l is mono-increasing 1011

with ε. 1012

APPENDIX C 1013

PROOF OF THEOREM 2 1014

For given path loss l, there always exists a power control 1015

coefficient ε = 1, such that the uplink energy efficiency 1016

satisfies ηs (ε, l) > ηs (1, l), or equivalently, 1017

log2
(
1 + ht,ol(ε−1) I−1(ε)

)

Pu(ε)lε
>

log2
(
1 + ht,o I−1(1)

)

Pu(ε)l
. (C.1) 1018

η (l, ε)

N (l)
/

D (ε)
= Blog2

(
1 + ht,ol(ε−1) I−1 (ε)

)

Pu (ε) lε
D (ε)

N (l)

=

(
ht,ol(ε−1) I−1 (ε) +

(
ht,ol(ε−1) I−1(ε)

)2

2! + O
((

ht,ol(ε−1) I−1 (ε)
)2
))

ht,ol(ε−1) I−1 (ε)

≤
(

1 + ht,ol(ε−1) I−1 (ε)
)

(A.1)

∂η (l, ε)

∂l
= log2 e

Pu (ε) l2ε

(
(ε − 1) ht,ol(2ε−2) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)
− ε ln

(
1 + ht,ol(ε−1) I−1 (ε)

)
l(ε−1)

)
(B.1)
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log2 e

Pu (ε) lε+1

(
(ε − 1) ln

(
1 + ht,ol(ε−1) I−1 (ε)

)
− ε ln

(
1 + ht,ol(ε−1) I−1 (ε)

))

<
∂η (l, ε)

∂l
<

log2 e

Pu (ε) lε+1

(
(ε − 1) ht,ol(ε−1) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)
− εht,ol(ε−1) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)

)
(B.3)

By simplifying (C.1), we get1019

l1−ε ln
(

1 + ht,ol(ε−1) I−1(ε)
)

> ln
(

1 + ht,o I−1(1)
)
. (C.2)1020

Since inequality ax
1+ax < ln (1 + ax) < ax holds for ax >1021

−1 and x = 0, we have1022

l1−ε ln
(

1 + ht,ol(ε−1) I−1(ε)
)

>
ht,o I−1(ε)

1 + ht,ol(ε−1) I−1(ε)
.1023

(C.3)1024

Substituting (C.3) into (C.2), we have ht,o I−1(ε)

1+ht,ol(ε−1) I−1(ε)
>1025

ln
(
1 + ht,o I−1 (1)

)
, whose solution is1026

l >

(
1

ln
(
1 + ht,o I−1 (1)

) − 1

ht,o I−1 (ε)

) 1
ε−1

. (C.4)1027

Therefore, for any ε ∈ (0, 1), path loss should1028

be smaller than lim
ε→1

(
1

ln(1+ht,o I−1(1))
− 1

ht,o I−1(ε)

) 1
ε−1 =1029

exp

((
ht,o I (1)

ln(1+ht,o I (1))
− 1

)−1 · I ′(1)
I (1)

)
such that complete chan-1030

nel inversion power control η (1, l) have better uplink energy1031

efficiency than η (ε, l).1032

If constant power control (ε = 0) have better energy effi-1033

ciency than any other ε, that is1034

log2
(
1 + ht,ol(ε−1) I−1 (ε)

)

Pu (ε) lε
<

log2
(
1 + ht,o I−1 (0)

)

Pu (ε)
. (C.5)1035

(C.5) can be rewritten as1036

l−ε ln
(

1 + ht,ol(ε−1) I−1 (ε)
)

< ln
(

1 + ht,o I−1 (0)
)
. (C.6)1037

According to inequality ax
1+ax < ln (1 + ax) < ax ,1038

we obtain1039

l−ε ln
(

1 + ht,ol(ε−1) I−1 (ε)
)

< ht,ol−1 I−1 (ε) . (C.7)1040

That is if ln
(
1 + ht,o I−1 (0)

)
> ht,ol−1 I−1 (ε), i.e. l >1041

ht,o I−1(ε)

ln(1+ht,o I−1(0))
, constant power control (ε = 0) have better1042

energy efficiency than η (ε, l).1043

According to Property 3, the path loss l is decreasing1044

for optimal power control coefficient ε∗. We can obtain that1045

when l >
ht,o I−1(0)

ln(1+ht,o I−1(0))
, constant power control (ε = 0)1046

have the highest uplink energy efficiency for any ε and when1047

l < exp

((
ht,o I (1)

ln(1+ht,o I (1))
− 1

)−1 · I ′(1)
I (1)

)
, complete channel1048

inversion power control (ε = 1) have the highest uplink energy1049

efficiency for any ε.1050
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Abstract— This paper evaluates the energy efficiency of uplink1

transmission in heterogeneous cellular networks (HetNets), where2

fractional power control (FPC) is applied at user equip-3

ments (UEs) subject to a maximum transmit power constraint.4

We first consider an arbitrary deterministic HetNet and charac-5

terize the properties of energy efficiency for UEs in different path6

loss regimes, or different access regions. By introducing the notion7

of transfer path loss, we reveal that, for UE whose path loss is8

below the transfer path loss, its energy efficiency highly depends9

on the value of power control coefficient adopted by FPC.10

In contrast, for UE with path loss above the transfer path loss,11

the uplink energy efficiency asymptotically decreases inversely12

with path loss, independent of the adopted power control coef-13

ficient. Based on these properties, we characterize the optimal14

power control coefficients for maximizing the energy efficiency of15

FPC in different access regions. Next, we extend the analysis to16

stochastic HetNets where UEs and BSs are distributed as inde-17

pendent Poisson point processes, and investigate the distribution18

of transmit power for uplink UEs. Moreover, the probability of19

truncation outage due to constrained maximal transmit power,20

as well as the average energy efficiency of UEs are analytically21

derived as functions of the BS and UE densities, power control22
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coefficient, and receiver threshold. Simulation results validate 23

the analytical results, show the consistency between deterministic 24

and stochastic analyses, and suggest suitable power control coef- 25

ficient for achieving energy efficient uplink transmission by FPC 26

in HetNets. 27

Index Terms— Wireless heterogeneous networks, power 28

control, energy efficiency, uplink transmission. 29

I. INTRODUCTION 30

W ITH the rapid development of wireless communication 31

industry, the number of global mobile devices and 32

connections has grown to 7.9 billion by 2015 and will be 33

11.6 billion in 2020 [1]. The large number of user devices 34

have brought huge traffic demand and high energy consump- 35

tion [2]. To support the traffic demand ecologically, energy 36

efficiency analysis for wireless networks is crucial. In fact, 37

energy efficiency of point-to-point wireless links has been well 38

studied in the early literature. In particular, assuming an infi- 39

nite blocklength of transmission codewords, the information 40

theoretic analysis in [3] revealed that the energy efficiency 41

of additive white Gaussian noise (AWGN) channel decreases 42

monotonically with the channel capacity. However, the analy- 43

sis in [3] optimistically ignored the circuit power consumption. 44

In practice, when circuit power consumption is taken into 45

account, signal transmission over a long duration may no 46

longer be energy efficient since the total power consumption 47

will increase with the blocklength [4]. 48

Different from point-to-point wireless links, energy effi- 49

ciency analysis for wireless networks is complicated due to 50

the presence of co-channel interference and the need to meet 51

network coverage requirements. Moreover, the spatial and 52

temporal variations of the traffic demands from user equip- 53

ments (UEs) are difficult to be identified [5]. In [6], the energy 54

efficiency for wireless networks employing advanced transmis- 55

sion techniques including orthogonal frequency division multi- 56

ple access (OFDMA), multiple-input multiple-output (MIMO), 57

and relay transmission, was investigated. In [7], the authors 58

identified four key trade-offs between energy efficiency and 59

other network performance metrics including deployment 60

efficiency, spectrum efficiency, bandwidth, and delay. Con- 61

sidering downlink multiuser orthogonal frequency division 62

multiplexing in distributed antenna systems (OFDM-DAS), 63

an energy-efficient resource (e.g., antenna, subcarrier, and 64

transmit power) allocation scheme was proposed in [8], which 65

1536-1276 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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solves the resource allocation optimization problem based on66

fractional programming techniques. Moreover, joint transmit-67

ter and receiver optimization was proposed for maximization68

of energy efficiency in OFDMA systems in [9]. Meanwhile,69

energy efficiency analysis has been extended from single-70

tier (homogeneous) cellular networks [6]–[9] to heterogeneous71

cellular networks (HetNets) [10]–[12]. It was shown in [10]72

that the energy efficiency of HetNets increases monotonically73

with the deployment density of small cells. The energy effi-74

ciency of HetNets by adopting energy harvesting small cell75

base stations (BSs) and traffic load adaptation in different76

tiers of HetNets was analyzed in [11]. Moreover, a low77

complexity macrocell user selection method for spectrum-78

power trading in multi-tier network was proposed in [12] to79

increase the trading energy efficiency of the macrocell users.80

However, the aforementioned works [5]–[12] usually assumed81

a deterministic cellular topology, which prevents close-form82

characterization for energy efficiency; hence, it is difficult to83

extend their results to large scale HetNets.84

In this paper, we focus on analyzing the energy efficiency85

of large scale HetNets in the uplink. Improving the energy86

efficiency of uplink transmission is crucial for reducing the87

energy consumption network-wide and extending the operation88

hours of UEs, which usually have limited battery storage. For89

this purpose, uplink power control, e.g. via fractional power90

control (FPC), is a well-known effective approach. Recently,91

FPC has been adopted in 3GPP LTE-Advanced92

standard to conserve energy at UEs and mitigate interference93

in the network [13]. By FPC, the signal transmit power of UE94

is adjusted using a network-wide power control coefficient to95

meet the target signal-to-interference-and-noise ratio (SINR)96

requirement while avoiding excess interference to other UEs.97

However, as the transmission rate and the power consumption,98

both dependent on the power control coefficient of FPC,99

become coupled, energy efficiency analysis of FPC in the100

uplink is complicated. The majority of the literature only101

resort to Monte Carlo simulations to study FPC, which102

are usually time consuming, especially for large scale103

HetNets [14]–[17]. Moreover, when the maximal transmit104

power constraint is considered due to the linearity requirement105

of power amplifier as well as the battery storage limitation,106

the energy efficiency of FPC will depend on the power control107

coefficient and the receiver threshold jointly. In this case,108

choosing a suitable power control coefficient is nontrivial.109

To our knowledge, how to adjust the power control coefficient110

within constrained maximal transmit power for maximizing111

the energy efficiency of large scale HetNets has been rarely112

investigated.113

Recently, stochastic geometry method has been applied114

to investigate the performance of large scale multi-tier115

HetNets [18]. By modeling the cellular network topology as a116

random point process, e.g. the Poisson point process (PPP),117

statistics of system performance can be easily obtained in118

closed form, without resorting to the time-consuming Monte119

Carlo simulations. In particular, the PPP model has been120

shown to be sufficiently accurate for modeling actual urban121

cellular networks [19], [20]. For this reason, the PPP model122

has been successfully applied for studying the downlink of123

large scale HetNets [21]. However, direct extension of the 124

PPP model for analyzing FPC in the uplink is infeasible 125

since, different from the downlink, the spatial distribution 126

of interferers, i.e. interfering UEs, does not follow the PPP. 127

This is because, by FPC, the interference power caused by 128

the interfering UEs becomes correlated with their path losses 129

to the desired BS. Besides, when orthogonal multiple access 130

schemes, e.g., OFDMA, are adopted in the uplink, each 131

cell allows only one user to operate on the typical resource 132

block, which further enables a soft repulsion on the spatial 133

distribution of the co-channel interferers. For these reasons, 134

analytical results for performance analysis in the uplink are 135

rarely obtained. Although various generative models [23], [24] 136

have been proposed to approximate the spatial distribution 137

of interferers in OFDMA Poisson cellular networks, they 138

only apply in special cases such as single-tier (macro-only) 139

networks [23] or channel-inversion based power control [24]. 140

On the other hand, there has also been growing interest in 141

studying various techniques such as offloading [25], spectrum 142

sharing [26], fractional frequency reuse [27], and multi-stream 143

carrier aggregation (MSCA) [28] for leveraging better trade- 144

offs between spectral and energy efficiencies in multi-tier 145

HetNets. However, joint consideration of these techniques and 146

FPC for large scale HetNets is rare due to the aforementioned 147

difficulties for analysis. 148

To address the above issues in this paper, we propose a 149

framework for modeling and optimizing the energy efficiency 150

of FPC in the uplink of large scale stochastic geometry 151

HetNets, where UEs have constrained maximal transmit 152

power. We evaluate the energy efficiency in both deterministic 153

and stochastic cell topologies for qualitative and quantitative 154

characterization purposes, respectively. First, for deterministic 155

cell topology, or for a realization of the stochastic geometry 156

HetNet where locations of BSs and UEs are fixed, we study the 157

correlation between uplink energy efficiency and power control 158

coefficient for UEs locating in different path loss regimes, 159

i.e., different access regions. Based on the analytical results, 160

we further characterize the optimal power control coefficient 161

for maximization of the energy efficiency in different access 162

regions. Next, taking into account the spatial distributions 163

of BSs and UEs in stochastic geometry HetNets, we extend the 164

deterministic analysis to evaluate the average energy efficiency 165

of UEs. To address the difficulties in modeling the inter- 166

ferer locations, the interferer’s propagation process is defined 167

for modeling the path loss distribution of interfering UEs. 168

We show that although the interferer’s propagation process 169

follows the Poisson-Voronoi perturbed lattice, it converges 170

to an inhomogeneous PPP when a sufficiently strong log- 171

normal shadowing effect is present. The convergence result 172

is inspired by [29] and [30], where similar techniques have 173

been applied to model the coverage and achievable rate in the 174

uplink [29] as well as to study orthogonal multiple access [30]. 175

However, different from [29] and [30], the distribution of 176

transmission power and the truncation outage probability have 177

to be newly derived in this paper for characterizing the 178

average energy efficiency. Moreover, the deterministic analysis 179

and optimization of FPC for fixed UEs and BSs is neither 180

considered in [29] nor in [30]. 181
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The main contributions of this paper are summarized as182

follows:183

1) We propose a comprehensive framework for modeling184

and optimizing the energy efficiency of FPC under max-185

imal transmit power constraint. For given locations of186

BSs and UEs, we reveal that there exists a transfer path187

loss, which splits the cell into two access regions. The188

uplink energy efficiency of UE shows different proper-189

ties in these access regions. We also derive the upper190

and lower bounds for the transfer path loss. Moreover,191

we investigate the optimal power control coefficient192

for maximizing the uplink energy efficiency of UE in193

different access regions. The bounds of path loss for194

different values of optimal power control coefficients are195

provided.196

2) For randomly located BSs and UEs, we derive the197

average energy efficiency under FPC, which is based on198

characterizing the probability distribution of UE trans-199

mission power and the probability of UE in outage200

subject to the maximal transmit power constraint.201

3) The analytical derivations are verified via Monte Carlo202

simulation results. Both the analytical and simulation203

results suggest that the maximal average energy effi-204

ciency is achieved when the receiver threshold is close,205

but not equal, to the maximal transmit power and the206

power control coefficient is adjusted accordingly.207

The rest of this paper is organized as follows. In Section II,208

the system model of uplink power control scheme under209

maximal transmit power constraint in HetNets is presented.210

The transfer path loss for energy efficiency of UE and the211

bounds of transfer path loss for deterministic HetNets are212

described in Section III. Detailed properties for energy effi-213

ciency in different region are also revealed in this section.214

In Section IV, the distribution of transmit power, the truncation215

outage probability, and the average energy efficiency of UEs216

for stochastic HetNets are characterized. The derived results217

are validated in Section V by simulation results, where the218

impact of various system parameters on the uplink energy219

efficiency is illustrated. Finally, Section VI concludes the220

paper.221

II. SYSTEM MODEL222

As shown in Fig. 1, a K -tier HetNet system is deployed to223

provide seamless access service over the whole R
2 plane. Let224

m(k)
i denote the location of BS i in tier k ∈ {1, 2, · · · , K }.225

The location of BSs in tier k is denoted by �k =226

{m(k)
i ; i = 1, 2, 3 · · ·}, where the pilot transmit power of BSs227

in tier k is Pp,k . We assume that �k follows an independent228

homogeneous PPP with density λk , k ∈ {1, 2, · · · , K }. The229

UEs obey a homogeneous PPP �u with density λu , which is230

independent of �k . We assume that λu is large enough so that231

each BS serves at least one associated UE per channel. That232

is, the uplink channels are fully occupied as in high traffic233

load conditions.234

A. Path Loss and Association Policy235

We consider both small- and large-scale propagation effects236

in the channel model. In particular, given a transmitter at237

Fig. 1. System model of a multi-tier HetNet.

x ∈ R
2, the receiving power at y ∈ R

2 is given by 238

Pd,x Ahx,y L−1 (x, y), where Pd,x is the transmit power. A is 239

a propagation constant. hx,y denotes the fading channel 240

power due to multi-path propagation from x to y. Moreover, 241

L (x, y) = Sx,y‖x − y‖α models the channel variations caused 242

by path loss ‖x − y‖α and shadowing effect Sx,y , where α is 243

the path loss exponent and ‖x − y‖ denotes the Euclidean 244

distance between x and y. We consider Rayleigh multipath 245

fading and log-normal shadowing, i.e., hx,y ∼ exp (1) is expo- 246

nentially distributed with unit mean power and log10
(
Sx,y/10

)
247

is a zero-mean Gaussian random variable. For deriving the 248

analytical results, the path loss exponent α is assumed to vary 249

rarely across different tiers. 250

Each UE associates to the BS that provides the maximum 251

average received power. For example, the UE located at 252

y is associated to the BS at x in tier k if and only if 253

Pp,k L−1 (x, y) ≥ Pp, j L−1
min, j (y) for j = 1, · · · , K . The 254

resulting association is stationary [35], i.e., the association 255

pattern is invariant under translation with any displacement. 256

Note that since Pp,k varies from tier to tier, the superposition 257

of BSs in all tiers of the HetNets, denoted as � = ⋃
k �k , 258

generally forms a multiplicatively weighted Poisson Voronoi 259

tessellation [33]. According to the Palm theory [22], the ana- 260

lytical results of a typical cell C0 in tier k can be extended 261

to other cells Ci (i = 1, 2, · · ·) in the same tier. Therefore, 262

we only need to focus on the cell C0 for the analysis in the 263

remainder of this paper. 264

The UEs are equipped with single antenna and access the 265

network by using single-carrier FDMA (SC-FDMA) technique 266

to avoid intra-cell interference [34]. However, due to the 267

universal frequency reuse, the uplink transmission of UEs in 268

one cell suffers co-channel interference from UEs in other 269

cells. Let �u_o be the point process of co-channel interfer- 270

ing UEs. As only one UE is allowed to operate on the typical 271

frequency in each cell by SC-FDMA, �u_o is a Poisson- 272

Voronoi perturbed lattice process, which consists of a random 273

point in each Voronoi cell [35]. 274

The BSs in tier k have a receiving sensitivity ρmin,k , where 275

the value of ρmin,k can vary across tiers. For successful 276
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data transmission, the UEs associated to the kth tier cells277

should keep the average received power at their associated278

BSs above ρmin,k . For this purpose, uplink power control is279

usually applied at the UEs, to keep the average received power280

at the BSs above the receiver threshold ρ0, where ρ0 > ρmin,k281

for any tier k. Otherwise, the UEs will fall into a truncation282

outage due to the insufficient received power at BS.283

B. Uplink Power Control284

The total power consumption of a UE for transmission in285

the uplink is given by286

P = Ps + Pd,t , (1)287

where Ps is the static power consumed in base-band signal288

processing and radio frequency (RF) circuits, independent289

of Pd,t . In contrast, Pd,t denotes the dynamic power needed290

for wireless transmission. The maximum dynamic power con-291

sumption of UEs is limited by Pmax, i.e., Pd,t � Pmax,292

due to the limited battery storage at UEs and the operation293

requirement for power amplifiers in RF circuits.294

In this paper, we consider distance-proportional FPC,295

or simply FPC, which is an open-loop scheme widely adopted296

in uplink transmission [13]. By FPC, the dynamic transmit297

power for the UE is set as298

Pd,t = Pu (ε) Lε (t, x), (2)299

where ε ∈ [0, 1] is the power control coefficient. For problem300

tractability, we assume that all uplink UEs in the network use301

a uniform power control coefficient ε, whose value is to be302

controlled network-wide.1 L (t, x) is the path loss from UE303

at t to its associated BS at x . In (2), the path loss is partially304

compensated in general as ε ∈ [0, 1]. Pu (ε) is the open-loop305

power spectral density and is set as Pu (ε) = ρε
0 P1−ε

max [15].306

Note that the FPC scheme includes two other schemes as307

special cases: i) when ε = 0, FPC reduces to the constant308

power control scheme, where all UEs in each cell transmit309

with the maximum output power Pmax; ii) when ε = 1,310

FPC becomes the power control scheme with complete channel311

inversion, i.e., the dynamic power consumption fully compen-312

sates the channel variations. Note that in the first case, there313

is no channel inversion and the dynamic power consumption314

is constant.315

The maximal output power constraint is another realistic316

mechanism for uplink UEs. If UEs located at cell edges317

cannot overcome the path loss to their associated BS even318

by transmitting at their maximal output power, they will be319

truncated and fail to transmit signals. Therefore, the status of320

the UEs are divided as active and inactive. Fig. 1 shows that321

due to the limitation of maximal output power, some cell edge322

UEs will be inactive.323

By adopting the FPC and the maximal transmit power324

constraint, the uplink UE becomes inactive when L(t, x) �325

Pmax/ρ0. It is expected that the system with large Pmax and/or326

small ρ0 will enable a large access region for the uplink.327

Moreover, both Pmax and ρ0 can affect the transmit power,328

1The general case of adopting non-uniform power control coefficients is
more difficult to analyze and will be left for the future work.

TABLE I

LIST OF NOTATIONS USED IN THE PAPER

and hence, play an important role in the analysis of uplink 329

energy efficiency. 330

C. Energy Efficiency of Uplink UEs 331

We assume the BS in cell C0 (termed the typical BS) is 332

located at origin o and is denoted by BS0. When a randomly 333

chosen UE in cell C0 (termed the typical UE) transmits its 334

desired signal to BS0, the receiving SINR of BS0 is given by 335

SI N R = Pd,t Aht,o L−1
t

No + Io
, (3) 336

where Io = ∑
x∈�u_o

Pd,x Ahx,o L−1
x is the aggregate inter- 337

ference power received at BS0. ht,o and hx,o denote the 338

power gains of the fading channels from the typical UE 339

and the interfering UE at x ∈ �u_o to BS0, respectively. 340

No is the thermal noise power. Since BS0 is located at the 341

origin, we simply denote L (t, o) and L (x, o) as Lt and Lx , 342

respectively. 343

Considering the FPC scheme, the SINR expression in (3) 344

can be obtained as 345

SI N R = ht,o Lε−1
t

SN R−1 + ∑

x∈�u_o

hx,o Lε (x, bx) L−1
x

, (4) 346

where SN R = Pu (ε)A
No

and bx is the location of the associated 347

BS for the interfering UE located at x ∈ �u_o. Moreover, 348

the achievable transmission rate of the desired uplink UE is 349

R = Blog2 (1 + SI N R), (5) 350

where B is the bandwidth allocated for the UE. Taking into 351

account the UE power consumption model in (1), the energy 352

efficiency of a UE in the uplink is then defined as the ratio of 353

the achievable rate to the power consumption, i.e., 354

η = R

P
= Blog2 (1 + SI N R)

Ps + Pd,t
. (6) 355

The notations used in this paper are listed in Table I. 356

III. UPLINK ENERGY EFFICIENCY IN 357

DIFFERENT PATH LOSS REGIMES 358

In this section, we evaluate the uplink energy efficiency 359

of the typical UE, assuming that the locations of BSs and 360

UEs are fixed. This corresponds to a particular realization 361

of the stochastic geometry HetNets as studied in Section II. 362



ZHANG et al.: ENERGY EFFICIENCY EVALUATION OF MULTI-TIER CELLULAR UPLINK TRANSMISSION 5

We reveal the properties of uplink energy efficiency for363

different path loss regimes qualitatively. The optimal power364

control coefficient for maximizing the uplink energy efficiency365

of UEs is also obtained. For obtaining analytical insights,366

we assume throughout this section that the receiver threshold367

at BS is relative low compared to Pmax such that the maximal368

transmit power constraint becomes inactive. We note that the369

derivations in this section do not rely on the PPP assump-370

tions, and hence, the results hold for arbitrarily distributed371

�k and �u .372

A. Transfer Path Loss and Energy Efficiency373

In this subsection, we detail the energy efficiency analysis374

for the proposed uplink model with FPC. We show several375

interesting properties of uplink energy efficiency as the path376

loss and the power control coefficient are varied.377

The deterministic analysis in this section is motivated by378

the asymptotic behavior of energy efficiency in the high path379

loss regime, i.e., l → ∞. Let l be the path loss between380

the typical UE and its associated BS. Substituting (2) and (4)381

into (6), the energy efficiency of the UE is given by382

η (l, ε) =
Blog2

⎛

⎝1 + ht,olε−1

S N R−1+ ∑

x∈�u_o
Lε(x,bx )hx,o L−1

x

⎞

⎠

Pu (ε) lε + Ps
. (7)383

Note that, when the receiver threshold is low, l can be large384

without causing truncation outage as Lmax ≤ Pmax/ρ0. In the385

high path loss regime, the dynamic power consumption, which386

scales with the path loss and the power control coefficient, will387

dominate the total power consumption since Ps 	 Pu (ε) lε.388

Therefore, the static power consumption Ps can be ignored389

such that Pu (ε) lε + Ps ≈ Pu (ε) lε (this condition also holds390

for ε = 0 since Pu (ε) = Pmax is typically around 1 W while391

Ps is just tens of mW.). If ε ∈ [0, 1), ht,olε−1 is small such392

that the energy efficiency η (ε, l) can be approximated as393

lim
l→∞ η (l, ε) = Bht,ol−1 log2 e

Pu (ε) (SN R−1 + ∑

x∈�u_o

Lε (x, bx) hx,o L−1
x )

,394

(8)395

where ln (1 + x) ≈ x for x → 0. On the other hand, if ε = 1,396

we have397

η (l, ε) ≈ Bl−1

Pu (ε)
log2

⎛

⎜
⎝

ht,o

SN R−1 + ∑

x∈�u_o

L (x, bx) hx,o L−1
x

⎞

⎟
⎠.398

Therefore, when uplink UE is far away from its associated BS,399

the uplink energy efficiency always changes as O
(
l−1

)
for any400

ε ∈ [0, 1]. Without loss of generality, we write lim
l→∞ η (l, ε) =401

N(l)
D(ε) , where N(l) is set as the numerator of (8) and D(ε) is402

chosen accordingly for specific value of ε.403

In (8), we have set l → ∞ for mathematical tractability.404

In the following, we will evaluate the energy efficiency in405

the finite path loss regime and characterize the range of406

path losses, i.e., how large should l be, such that (8) holds.407

In particular, to study the impact of power control coefficient 408

on uplink energy efficiency of UEs using simplified notations, 409

the relative energy efficiency is applied, which is defined as 410

the ratio of η (l, ε) to η (l, 0), i.e., 411

r_η (l, ε) = η (l, ε)

η (l, 0)
. (9) 412

Thereby, r_η (l, ε) gives the energy efficiency of adopting 413

power control coefficient ε at UEs relative to η (l, 0), which is 414

the energy efficiency of applying the constant power control 415

scheme. As a trivial result, r_η (l, ε) = 1 holds if ε = 0. 416

According to (8) and (9), we have r_η (l, ε) = D(0)
D(ε) as 417

l → ∞. That is, the relative energy efficiency remains constant 418

for given ε in the high path loss regime. The properties of the 419

relative energy efficiency are detailed below. 420

Property 1: For any 0 < ε ≤ 1, the intersection point 421

between r_η (l, ε) and D (0)
/

D (ε) is l∗ =
(

I (ε)
I (0)

)1/ε
, where 422

I (ε) = D (ε)

Pu (ε)
= SN R−1 +

∑

x∈�u,o

Lε (x, bx) hx,o L−1
x . (10) 423

Proof: The intersection point of r_η (l, ε) and 424

D (0)
/

D (ε) is obtained by solving the equation r_η (l, ε) = 425

D (0)
/

D (ε). According to (7) and (10), we obtain 426

[
log2

(
1 + ht,ol(ε−1)

/
I (ε)

)

Pu (ε) lε

]

/

[
log2

(
1 + ht,ol−1

/
I (0)

)

Pu (0)

]

427

= Pu (0) I (0)

Pu (ε) I (ε)
. (11) 428

That is, l−ε · log2
(
1 + ht,ol(ε−1)

/
I (ε)

) = I (0)
I (ε) · 429

log2
(
1 + ht,ol−1

/
I (0)

)
. 430

According to Taylor’s theorem, for |x | < 1, log2 (1 + x) ≈ 431

log2 e
(

x + x2

2 + O
(
x2
))

. Since the path loss of UE l is 432

large enough such that ho,b0l(ε−1)
/

I (ε) < 1, (11) reduces 433

to l(ε−1) I (0) = I (ε) l−1, whose solution is given by l∗ = 434(
I (ε)
I (0)

)1/ε
. This completes the proof. 435

We refer to l∗, which is the intersection of relative energy 436

efficiency and D (0)
/

D (ε), as the transfer path loss. In the 437

sequel, the transfer path loss defines a critical point for 438

inspecting the uplink energy efficiency of UEs, based on 439

which the typical cell can divided into two access regions with 440

different behaviors in terms of energy efficiency. Before that, 441

an upper bound and a lower bound of l∗ are readily available. 442

Theorem 1: When the noise power is negligible com- 443

pared to the interference power, the transfer path loss l∗ is 444

bounded by 445

∑

x∈�u_o

ho,x L−1
x

∑

x∈�u_o

L−ε (x, bx) ho,x L−1
x

≤ (
l∗
)ε ≤ E

[
Lε (x, bx)

]
. 446

Proof: By ignoring the noise in I (ε), I (ε)
/

I (0) is given 447

as 448

I (ε)

I (0)
=
∑

x∈�u_o
Lε (x, bx) ho,x L−1

x
∑

x∈�u_o
ho,x L−1

x
. (12) 449
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I (ε)

I (0)
= exp

⎡

⎣ln

⎛

⎝
∑

x∈�u_o

Lε (x, bx) ho,x L−1
x

⎞

⎠− ln

⎛

⎝
∑

x∈�u_o

ho,x L−1
x

⎞

⎠

⎤

⎦ (13)

For 0 ≤ ε ≤ 1 and x > 0, a (x) = xε is a mono-increasing450

function of x , and b (x) = x−1 is a mono-decreasing451

function of x . According to the Chebyshev’s sum inequal-452

ity [35], for any ak > 0, bk > 0 and sequences {ak}, {bk}453

have different monotonicity properties, then 1
n

∑n
k=1 akbk �454 ( 1

n

∑n
k=1 ak

) ( 1
n

∑n
k=1 bk

)
.455

Hence, I (ε)
I (0) � 1

n

∑
x∈�u_o

Lε (x, bx), where n is the num-456

ber of interfering UEs. According to Property 1, (l∗)ε =457

I (ε)
/

I (0). Therefore, the upper bound is obtained as (l∗)ε ≤458

1
n

∑
x∈�u_o

Lε(x, bx) = E [Lε (x, bx)].459

To derive the lower bound, we first observe (13), shown at460

the top of this page. Since ln x is a concave function of x ,461

it can be obtained as462

ln

⎛

⎝
∑

x∈�u_o

Lε (x, bx) ho,x L−1
x

⎞

⎠− ln

⎛

⎝
∑

x∈�u_o

ho,x L−1
x

⎞

⎠463

> ln

⎛

⎝
∑

x∈�u_o

ho,x L−1
x

⎞

⎠− ln

⎛

⎝
∑

x∈�u_o

L−ε (x, bx) ho,x L−1
x

⎞

⎠.464

(14)465

which leads to inequality I (ε)
I (0) >

∑
x∈�u_o ho,x L−1

x
∑

x∈�u_o L−ε(x,bx)ho,x L−1
x

.466

Therefore, the lower bound of (l∗)ε is given by467 ∑
x∈�u_o ho,x L−1

x
∑

x∈�u_o L−ε(x,bx )ho,x L−1
x

. This completes the proof.468

The lower and upper bounds in Theorem 1 also reveal the469

impact of interfering UEs on the transfer path loss. Note that470

the upper bound of (l∗)ε gives the expected εth moment of471

L (x, bx), while the lower bound of (l∗)ε is the inverse of the472

generalized abstracted mean value of moment Lε (x, bx) [38].473

That is, the transfer path loss of l∗ is fundamentally deter-474

mined by the moment of L (x, bx). This is because, by FPC,475

the path loss between an interfering UE and its associated BS,476

i.e., L (x, bx), determines the average interference power,477

cf. (4). Since UEs in the regime of high path loss usually locate478

far from their associated BS, the uplink energy efficiency of479

these UEs is sensitive to the interference power.480

The transfer path loss provides an interesting starting point481

for energy efficiency analysis. In particular, as revealed in482

Properties 2 and 3, the energy efficiency exhibits adverse483

behaviors in different access regions divided according to the484

transfer path loss.485

Property 2: In the access region of l > l∗, η (l, ε)486

is closely approximated by N (l)
/

D (ε), where the maxi-487

mal gap between η (l, ε) and N (l)
/

D (ε) is bounded by488

N (l∗) P−1
u (ε) I−2 (ε) · ht,ol∗(ε−1).489

Proof: Please refer to Appendix A.490

Remark 1: Based on Property 2, if the path loss of UE491

satisfies l > l∗, the uplink energy efficiency of UE scales492

with l as O
(
l−1

)
approximately. This implies that l > l∗ is493

sufficiently large for (8) to hold. Specifically, even though in494

the finite path loss regime of l∗ < l < ∞, the system is 495

interference limited, and the SINR of the desired UE is low 496

such that the approximation ln (1 + x) ≈ x in (8) is valid. 497

Hence, the uplink energy efficiency scales with path loss in the 498

order of O
(
l−1

)
. Note that for l > l∗, D (ε) is a monotonically 499

increasing function of ε, and a small ε always leads to a high 500

uplink energy efficiency for given path loss l, independent of 501

the value of path loss. Hence, for l > l∗, the optimal power 502

control coefficient will always be zero. This is expected as, if a 503

UE is far away from its serving BS, its desired signals will be 504

mainly degraded by the aggregate interference power from co- 505

channel UEs in other cells. By decreasing the value of power 506

control coefficient, the co-channel interference power reduces, 507

and the energy efficiency of desired uplink UEs is improved. 508

Property 3: In the access region of l < l∗, η (l, ε) is a 509

mono-decreasing function of l and ∂η(l,ε)
∂l is a mono-increasing 510

function of ε. 511

Proof: Please refer to Appendix B. 512

Remark 2: Property 3 is due to the fact that when UEs 513

are close to the BS, the impact of interfering UEs on the 514

desired uplink UEs becomes sufficiently weak, whereas the 515

uplink energy efficiency in this region is critically determined 516

by the power consumption of UE. In particular, the desired 517

uplink UE can transmit its desired signal with a high data 518

rate while consuming a small amount of power. The closer 519

to its associated BS the desired UE is, the less dynamic 520

transmit power is consumed. Therefore, the uplink energy 521

efficiency decreases with path loss. Meanwhile, according 522

to (2), the power consumption of UE decreases fast with large 523

power control coefficient for given path loss. As a result, 524

the uplink energy efficiency can increase with the power 525

control coefficient at an increasing rate. 526

To verify the derivations above and, at the same time, 527

to study the impact of path loss and power control coefficient 528

on energy efficiency of uplink UE, Monte Carlo simulation 529

results and analytical results are compared for different values 530

of ε in Fig. 2. The same simulation parameters as in Table II 531

of Section V are adopted here. Both analytical and simulation 532

results show the existence of the transfer path loss for uplink 533

energy efficiency. This is because, when UEs are located 534

further than l∗, their energy efficiency curves for given ε 535

become approximately parallel to the curve η (l, 0), i.e., they 536

decrease inversely with the path loss, which is consistent with 537

Property 2. On the other hand, when l < l∗, both power control 538

coefficient and path loss can affect the uplink energy efficiency 539

as established in Property 3. 540

Fig. 2 also provides insights into the impact of the co- 541

channel interference on the uplink energy efficiency. In the 542

region l > l∗, due to the influence from interfering UEs in 543

other cells, the desired signal power and the interference power 544

change in pace as O(lε−1) and O(lε) for different values of ε, 545

respectively. Therefore, the resulting uplink energy efficiency 546
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TABLE II

PARAMETERS SETTING FOR SIMULATIONS

Fig. 2. The analysis and numerical results of uplink energy efficiency
changing with path loss for different power control coefficients. For l∗ ,
the derived upper and lower bounds are also shown in the figure.

decreases asymptotically as O
(
l−1

)
for given ε ∈ [0, 1]. In the547

region of l < l∗, however, interference power is relatively548

small since the desired UE is close to its associated BS. As a549

result, the uplink energy efficiency is mainly affected by the550

desired signal power. And UEs with small path loss and large551

power control coefficient will obtain a high uplink energy552

efficiency as the desired signal power is reduced.553

B. Optimal Power Control Coefficient554

Now we study the optimal power control coefficient for555

UEs in different access regions. Property 2 reveals that the556

uplink energy efficiency decreases with ε when path loss of557

UE satisfies l > l∗. Moreover, based on Property 3, the uplink558

energy efficiency increases rapidly with l in the region l < l∗559

for large ε. Therefore, the optimal power control coefficient ε∗
560

for maximizing uplink energy efficiency is ε∗ = 0 when UEs561

is located in l > l∗. However, in the region of l < l∗,562

ε∗ depends on the location of uplink UEs, which is further563

studied here. Without loss of generality, the uplink energy564

efficiency optimization problem can be formulated as565

max
ε

η (ε, l)566

s.t. 0 � ε � 1. (15)567

For given path loss l, the optimal ε∗ in (15) can be obtained568

via one-dimensional search [39]. For example, given the path569

loss l, a simple uniform search can be applied, where the initial570

Fig. 3. The optimal power control coefficient for maximization of uplink
energy efficiency under different path losses.

interval of I0 = [0, 1] is equally divided into n small subin- 571

tervals and the energy efficiency at grid points ε0,k = k/n, 572

k = 0, . . . , n, are evaluated. Let ε∗
0 be the grid point achieving 573

the largest value of η
(
ε0,k, l

)
, it follows that the maximum of 574

η (ε, l) will lie in the interval I1 = [
ε∗

0 − 1/n, ε∗
0 + 1/n

]
[33]. 575

The process repeats by setting I0 = I1 before the desired 576

accuracy is reached. The optimal power control coefficient for 577

maximizing the uplink energy efficiency with different path 578

losses is illustrated in Fig. 3. From Fig. 3 it can be observed 579

that, when the path loss is small, the optimal power control 580

coefficient is ε∗ = 1, that is, the complete channel inversion 581

power control will achieve the highest uplink energy efficiency. 582

This result is consistent with Property 3. On the other hand, 583

when the path loss of UE increases, so does the dynamic 584

power consumption under complete channel inversion power 585

control, which decreases the uplink energy efficiency. In this 586

case, decreasing the power control coefficient can improve the 587

energy efficiency for uplink UEs. When UE is far enough from 588

its associated BS and the energy efficiency becomes mainly 589

affected by the aggregate interference power, ε∗ = 0 leads 590

to the minimal interference power and therefore obtains the 591

maximal uplink energy efficiency. 592

As analytical expressions of the optimal power control 593

coefficient for solving (15) are generally difficult to obtain,2 594

we will characterize l∗ (ε) alternatively. Herein, l∗ (ε) defines 595

the path loss when the optimal uplink energy efficiency in (15) 596

is achieved by employing power control coefficient ε. The 597

upper bound of l∗ (0) and the lower bound of l∗ (1) are 598

provided in Theorem 2. The derived results enable the power 599

control policy to be adjusted in a convenient way for energy 600

efficient uplink transmission. 601

Theorem 2: In the region l < l∗ (1), the optimal power 602

control coefficient is ε∗ = 1 and the lower bound of l∗ (1) is 603

2The approximation technique in [32] for deriving approximate optimal
transmission capacity of FPC does not apply here as the energy efficiency
optimization involves solving a fractional program, which is non-convex and
hard to solve.
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exp

((
ho,b0 I (1)

ln
(
1+ho,b0 I (1)

) − 1

)−1

· I ′(1)
I (1)

)

. In the region l > l∗ (0),604

the optimal power control coefficient is ε∗ = 0 and the upper605

bound of l∗ (0) is ht,o I−1(0)

ln(1+ht,o I−1(0))
.606

Proof: Please refer to Appendix C.607

IV. AVERAGE UPLINK ENERGY EFFICIENCY UNDER608

MAXIMAL POWER CONSTRAINT609

When the maximal transmit power constraint is taken into610

account, the uplink energy efficiency becomes dependent on611

the receiver threshold. For example, if the BSs have a large612

receiver threshold, although the energy efficiency of the active613

UEs can be high, the number of active UEs will decrease,614

i.e., more UEs will suffer truncation outage. On the other615

hand, if the receiver threshold of BS is small so that more616

associated UEs are active, then UEs with bad channels and617

thus low energy efficiency will deteriorate the average uplink618

energy efficiency in the HetNets. Therefore, under the maximal619

transmit power constraint, the average uplink energy efficiency620

of all UEs has to be investigated. Different from the deter-621

ministic analysis in Section III, the spatial distributions of622

BSs and UEs (following independent PPPs, cf. Section II),623

are considered for a quantitative evaluation of the average624

energy efficiency. With the aid of stochastic geometric theory,625

we first characterize the probability distributions of transmit626

power and the truncation outage probability. Based on these627

results, we could then derive the average energy efficiency in628

the uplink.629

A. Distribution of Path Loss630

We define the propagation process from the typical UE to631

its serving BS in tier k as Uc � {L (o, t)}o∈�k
. The process Uc632

can be interpreted as an inhomogeneous Poisson point process633

with intensity measure 
k (t) = πλkE

[
S2/α

k

]
t2/α [29], which634

varies with tier index k. Then, based on Uc, we characterize635

in Proposition 1 the distribution of the path loss between UEs636

and their associated BSs.637

Proposition 1: Under maximum transmission power con-638

straint, the probability density function (PDF) of the path639

loss between a typical active UE and its serving BS is640

given by641

fL≤Lmax (l) = δlδ−1
K∑

j=1

πλ j E

[
Sδ

j

]
· exp

(−G jlδ
)

1 − exp
(−G j Lδ

max

) , (16)642

for 0 ≤ l ≤ Lmax, where δ = 2
/
α and Gk =643

∑K
j=1 πλ j E

[
Sδ

j

] (
Pp, j

/
Pp,k

)δ denotes the superposition644

intensity of BSs.645

Proof: Define Ak = P (K = k) as the probability of646

selecting tier k during UE and BS association, where K is647

a random variable to denote the associated tier of the typical648

UE. We have [33]649

Ak = λkE
[
Sδ

k

]
Pδ

p,k
∑

j∈K λ j E

[
Sδ

j

]
Pδ

p, j

. (17)650

The PDF of path loss between the typical UE and 651

its associated BS in tier k is obtained by the derivative 652

of 
k (t) [29] as 653

fL ( l| K = k) = δGklδ−1 exp
(−Gklδ

)
. (18) 654

Under the maximal transmit power constraint, the path loss 655

of the active UE is limited by Lmax = Pmax
/
ρ0. Therefore, 656

under maximum output power constraint, the conditional path 657

loss distribution for the desired uplink UE that associates to 658

tier k is 659

fL≤Lmax ( l| K = k) = fL ( l| K = k)

P (l ≤ Lmax)
660

= δGklδ−1 · exp
(−Gklδ

)

∫ Lmax
0 δGkr δ−1 · exp

(−Gkr δ
)

dr
661

= δGklδ−1 · exp
(−Gklδ

)

1 − exp
(−Gk Lδ

max

) . (19) 662

Based on (17) and (19), the path loss distribution for the 663

desired uplink can be obtained based on the total probability 664

formula as 665

fL≤Lmax (l) =
K∑

j=1

A j
δG j lδ−1 · exp

(−G jlδ
)

1 − exp
(−G j Lδ

max

) 666

= δlδ−1
K∑

j=1

πλ j E

[
Sδ

j

]
· exp

(−G jlδ
)

1 − exp
(−G j Lδ

max

) . 667

668

Corollary 1: Assume that the typical UE is associated to 669

tier k, i.e., K = k. Let random variable KI denote the associ- 670

ated tier for a subset of interfering UEs, e.g., KI = j denotes 671

interfering UEs in tier j . The path loss between an interfering 672

UE at x and the typical BS is given as L (x, o) = y. Then, 673

under the maximal transmit power constraint, the conditional 674

PDF of the path loss between the interfering UE and its 675

associated BS in tier j , denoted by L (x, bx), is given as 676

fL I ≤Lmax ( lI | KI = j, K = k, L (x, o) = y) 677

= δG jl
δ−1
I · exp

(−G jlδI
)

(
1 − exp

(−G j Lδ
max

)) (
1 − exp

(−Gk yδ
)) . (20) 678

Proof: According to the association rule, the interfering 679

UE cannot associate with tier k and its path loss is bounded 680

as L (x, bx) ≤ Pp, j
Pp,k

L (x, b0). According to the definition 681

of Gk , we can obtain Gk = G j

(
Pp, j
Pp,k

)δ
. Then the path loss 682

distribution for interfering UEs associated with BSs in tier j is 683

fL I ≤Lmax ( lI | KI = j, K = k, L (x, b0) = y) 684

= fL ( lI | KI = j, K = k)

P

(
lI ≤ Pj y

Pk

) 685

= δG jl
δ−1
I · exp

(−G jlδI
)

(
1 − exp

(−G j Lδ
max

)) (
1 − exp

(−Gk yδ
)) . (21) 686

687

Based on (19) and (21) we observe that, if the path loss 688

between an interfering UE at x and the typical BS in tier k 689

at o is L (x, o), then the interfering UE associates to its 690
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serving BS in tier k with probability exp
(−Gk Lδ (x, o)

)
691

while it associates to the BS in other tiers with probability692 [
1 − exp

(−Gk Lδ (x, o)
)]

. A similar property was also found693

in [30]; however, here we show it for uplink power control694

with constrained transmit power. Based on this property, when695

the typical BS is located in tier k, the propagation process of696

interfering UEs in tier j to the location of the typical BS can697

be approximated by a PPP. Corollary 1 also implies that the698

path loss distribution of the interfering UEs in tier k is thinned699

from the parent path loss distribution of the desired UEs700

in (16) or (19) with probability
[
1 − exp (−Gk L (x, o))

]
. This701

thinning property regarding the point process of interfering702

UEs is also described in [31] by applying an exponent approx-703

imation method. Although the approximation method in [31]704

achieves a high accuracy, the complexity is very high for705

multi-tier HetNets. Hence, for low computational complexity,706

we only use the general thinning factor in this paper.707

B. Distribution of Transmit Power708

Based on Proposition 1, we can further obtain the PDF of709

transmit power.710

Proposition 2: Under maximal transmit power constraint,711

the PDF of the transmit power for an active UE in tier k is712

fPd,k≤Pmax ( x | K = k) =
δGk xδ/ε−1 exp

(
−Gk

(
x

Pu (ε)

)δ/ε
)

εPδ/ε
u (ε)

(
1 − exp

(−Gk Lδ
max

)) ,713

(22)714

for 0 ≤ x ≤ Pmax.715

Proof: For an active UE in tier k, the transmit power716

is given by Pd,k = Pu (ε) Lε
t,k , where Lt,k has the Rayleigh717

distribution as shown in (18). The PDF of Pd,k is then given by718

fPd,k≤Pmax ( x | K = k)719

=
δGk xδ/ε−1 · exp

(
−Gk

(
x
/

Pu (ε)
)δ/ε

)

εPδ/ε
u (ε)

∫ Pmax
0 δGktδ/ε−1 · exp

(
−Gk

(
t
/

Pu (ε)
)δ/ε

)
dt

720

=
δGk xδ/ε−1 · exp

(
−Gk

(
x
/

Pu (ε)
)δ/ε

)

εPδ/ε
u (ε)

(
1 − exp

(−Gk Lδ
max

)) . (23)721

This completes the proof. However, as a byproduct of the722

proof, we obtain the μth moment of Pd,k as E

[
Pμ

d,k

]
=723

∫ Pmax
0 xμ fPd,k (x) dx , and724

E

[
Pμ

d,k

]
=
∫ Pmax

0

δGk xδ/ε+μ−1 exp

(
−Gk

(
x

Pu (ε)

)δ/ε
)

εPδ/ε
u (ε)

(
1 − exp

(−Gk Lδ
max

)) dx725

= Pμ
u (ε) γ

(
με
/
δ + 1, Gk Lδ

max

)

Gμε/δ
k

(
1 − exp

(−Gk Lδ
max

)) , (24)726

which will enable us to explain the simulation results in727

Section V.728

Based on Proposition 2, for given power control coef-729

ficient ε, the average transmit power of UEs decreases730

with Lmax. This is because a large Lmax allows the731

uplink UEs to transmit at a high power level. Meanwhile,732

Proposition 2 shows that the average transmission power 733

of uplink UEs decreases with the superposition intensity 734

of BSs Gk . This is reasonable since the average path loss 735

between a UE and its associated BS decreases with Gk . Thus 736

the UE only requires a lower transmit power to overcome the 737

path loss attenuation. 738

C. Truncation Outage Probability 739

The typical UE associated to BSs in tier k possibly suffer 740

truncation outage due to the maximal transmit power con- 741

straint. The truncation outage probability, defined as Pout � 742∑K
j=1 A j · Pout (K = k), is characterized in the following 743

proposition. 744

Proposition 3: The truncation outage probability Pout of 745

uplink UEs associated with multi-tier cellular networks is 746

Pout =
K∑

j=1

A j exp
(
−G j

(
Pmax

/
ρ0
)δ)

. (25) 747

Proof: According to the path loss distribution given in 748

Proposition 1, the truncation outage probability of uplink UEs 749

associated to tier k is obtained as 750

Pout (K = k) � P

{
Lt ≥ Pmax

ρ0

}
= exp

(
−Gk

(
Pmax

/
ρ0
)δ)

. 751

Then, by applying the total probability formula and the prob- 752

ability of tier selection, (25) is readily available. 753

From Proposition 3 we can observe that the truncation outage 754

probability increases with ρ0. This is due to the fact that 755

the smaller the receiver threshold is, the more uplink UEs 756

will become active, which can reduce the truncation outage 757

probability. However, the active UEs with bad channels may 758

deteriorate the uplink energy efficiency in HetNets. Hence 759

ρ0 leverages a trade-off between the average uplink energy 760

efficiency and the truncation outage probability in the K -tier 761

HetNets, which will be investigated in the sequel. 762

D. Average Uplink Energy Efficiency 763

Assume that the spectrum bandwidth is equally allocated 764

among the UEs associated to the typical BS, the average uplink 765

energy efficiency in the HetNets is then given by 766

E [η] = E

[
W

N
· log (1 + SI N R)

(
Ps + Pd,t

)

]

, (26) 767

where W is the total bandwidth of spectrum, N is the total 768

number of uplink UEs sharing the spectrum resource. The 769

average uplink energy efficiency of the HetNets is character- 770

ized by the following theorem. 771

Theorem 3: The average uplink energy efficiency of active 772

UEs with power control coefficient ε under maximum trans- 773

mit power constraint is given by (27), shown at the bot- 774

tom of the next page, where τ = 2ηn(Ps+Pd,t)
/

W − 1, 775

P (N = n) = 3.53.5

(n−1)!
�(n+3.5)
�(3.5)

(
λu Ak
λk

)n−1(
3.5 + λu Ak

λk

)−(n+3.5)
, 776

2 F1 (·) denotes the Gauss hypergeometric function [40], and 777

EL I |K =k [x] is given in Corollary 1. 778
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Proof: According to the total probability formula,779

the average uplink energy efficiency of UEs in K -tier HetNets780

is given by781

E [η] =
K∑

k=1

AkEk [η |K = k ], (28)782

where Ak is the probability that uplink UEs are associated with783

BSs in tier k. E [η |K = k ] is the average energy efficiency784

given that the uplink UEs are associated with BSs in tier k.785

From (17), we have (29), shown at the bottom of this page,786

where P (N = n) is the probability mass function (PMF) for787

the random number of uplink UEs associated to tier k [41].788

Substituting (4) into (29), we have (30), shown at the789

bottom of this page, where (a) is due to Rayleigh fading790

ht,o ∼ exp (1). Ir = ∑
x∈�u_o

hx,o Lε (x, bx) L−1
x is the791

uplink interference at the BS0. Finally, LIr |kBS=k,N=n (s) is792

the Laplace transform of the interference when the serving793

BS is located in tier k and the load number is n.794

Considering the maximal transmit power for the active UE,795

we have796

E

[
exp

(
−τ L1−ε

x SN R−1
)]

797

=
∫ Lmax

0
exp

(
−τ l1−ε SN R−1

)
fL ( l| K = k) dl, (31)798

where fL ( l| K = k) is given in (18). Moreover,799

the Laplace transform of interference LIr |kBS=k (s) under an800

inhomogeneous PPP model can be obtain from [30] as (32), 801

shown at the bottom of the this page. 802

Finally, (27) can be obtained by substituting (30), (31), 803

and (32) into (29). This completes the proof. 804

V. PERFORMANCE EVALUATION 805

In this section, the derived analytical results are validated 806

via Monte Carlo simulation and the impact of power control 807

coefficient, dynamic power consumption and density of BS 808

on the system performance is also evaluated. We consider a 809

two-tier HetNet, which consist of macro and pico cells. The 810

simulation parameters are set according to a typical two-tier 811

HetNet evaluated in [41], which are summarized in Table II 812

unless otherwise stated. Moreover, the density of UEs is 813

λu = 50λ2 to ensure that the saturation condition is satisfied 814

with high probability. 815

For Monte Carlo simulation, different realizations of the 816

locations of UEs and BSs are generated according to the 817

PPPs with the respective point densities. For each realization 818

and receiver threshold, the path losses between UEs and their 819

associated BSs are calculated according to the channel model; 820

moreover, by applying FPC with given power control coef- 821

ficient across the network, the transmit power consumption, 822

achievable data rate, as well as truncation outage events are 823

obtained for evaluating the average energy efficiency. Note 824

that the association results are updated whenever the value of 825

receiver threshold changes. The final results are gathered by 826

averaging over 104 realizations. 827

E [η] =
K∑

k=1

Ak

∑

n>0

P (N = n)

∫ ∞

0
P {SI N R > τ |K = k, N = n } dη,

P {SI N R > τ |K = k, N = n }

= δGk

1 − exp
(−Gk Lδ

max

)
∫ Lmax

0
lδ−1 exp

⎛

⎝−Gklδ − τ l1−ε

SN R
− δL1−ε

x τ

1 − δ

K∑

j=1

(
Pj

∑K
k=1 Pk

)1−δ

A j G j

× E L I ≤Lmax|K =k

[

lδ−(1−ε)
I 2 F1

(

1, 1−δ, 2 − δ,− L1−ε
x τ Pj

l1−ε
I

∑K
k=1 Pk

)])

dl (27)

Ek [η |K = k ] =
∫ ∞

0
P

[
W

N
· log 2 (1 + SI N R)

Ps + Pd,t
> η |K = k

]
dη

=
∑

n>0

P [N = n]
∫ ∞

0
P

[
SI N R > 2

ηn(Ps +Pd,t)
W − 1 |K = k, N = n

]
dη (29)

∫ ∞

0
P{SI N R > τ |K = k, N = n } dη =

∫ ∞

0
P

{
ht,o Lε−1

t

SN R−1 +∑
x∈�u_o

hx,o Lε (x, bx) L−1
x

> τ |K = k, N = n

}

dη

=
∫ ∞

0
P

⎧
⎨

⎩
ht,o Lε−1

t > τ(SN R−1 +
∑

x∈�u_o

hx,o Lε (x, bx) L−1
x ) | K = k, N = n

⎫
⎬

⎭
dη

(a)=
∫ ∞

0
E

[
exp

(
−τ L1−ε

x SN R−1
)]

· LIr |kBS=k

[
L1−ε

x τ
]

dη (30)

LIr |kBS=k (s) = exp

⎛

⎝− δs

1 − δ

K∑

j=1

(
Pj

∑K
k=1 Pk

)1−δ

A j G j × E L I ≤Lmax|K =k

[

lδ−(1−ε)
I 2 F1

(

1, 1 − δ, 2 − δ,− s Pj

l1−ε
I

∑K
k=1 Pk

)])

(32)
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Fig. 4. Average transmit power for different power control coefficients.

Fig. 5. Average transmit power for different BS densities.

A. Average Transmit Power of UE828

Fig. 4 shows the analytical and simulation results for the829

average transmit power of the uplink UEs under different830

power control coefficients. We observe that the analytical and831

simulation results are highly consistent. Meanwhile, the aver-832

age transmit power increases with the receiver sensitivity ρ0833

for given power control coefficient. Interestingly, the average834

transmit power increases at a high rate in the low regime of ρ0,835

since the uplink UEs require a higher transmit power as the836

received threshold at their associated BSs increases. However,837

in the high regime of ρ0, the average transmit power of838

uplink UEs saturates due to constrained maximal output power.839

According to the distance-proportional FPC, the saturation840

level of average transmit power decreases with power control841

coefficient for given ρ0, which is also shown in Fig. 4.842

In Fig. 5, we evaluate the average transmit power for843

different BS densities under ε = 0.5 and ε = 0.7, respectively.844

As shown in Fig. 5, the average transmit power increases845

with both the received threshold ρ0 and the BS density for846

given ε. Meanwhile, in the high regime of ρ0, the average847

transmit power saturates to a constant level whose value is848

Fig. 6. Truncation outage probability for different BS densities.

independent of BS densities. Similar results have also been 849

observed in [24]. However, we can further show herein that 850

the saturate value is given by lim
ρ0→∞ E [Pk ] = δ

δ+ε Pmax, based 851

on (24). Recall that when ρ0 is high, the uplink UEs at cell 852

edges whose required transmit power exceeds Pmax will be 853

truncated. Therefore, the average transmit power of active UEs 854

cannot exceed δ
δ+ε Pmax, which decreases with ε. 855

B. Truncation Outage Probability of UE 856

Fig. 6 shows the analytical and simulation results for the 857

truncation outage probability of the two-tier HetNets under 858

different BS densities. We observe that, as expected, the trun- 859

cation outage probability decreases with the BS densities. 860

In particular, because the average distance between a UE 861

and its associated BS increases as the BS density decreases, 862

the transmit power becomes insufficient to compensate the 863

path loss due to ceiling at the maximal transmit power. Hence, 864

the likelihood of the uplink UE suffering truncation outage 865

is increased while accessing the network. By contrast, for 866

a high BS density, the uplink UE can access the HetNet 867

easily for being close to the BSs. As is consistent with 868

Proposition 3, when receiver threshold ρ0 is close to maximal 869

output power Pmax, the truncation outage probability of HetNet 870

will saturate. In this case, large number of UEs will fail in 871

uplink communication, which can deteriorate average uplink 872

energy efficiency in the HetNets. 873

C. Energy Efficiency of Uplink UEs and Impact 874

of Truncation Outage 875

1) Average Energy Efficiency Without Truncation Outage: 876

Fig. 7 shows the average uplink energy efficiency for different 877

power control coefficients, where the static power consumption 878

is Ps = 4 mW. In Fig. 7, we set the truncation outage proba- 879

bility to be zero. It can be observed that large power control 880

coefficient is always better in this figure. This is because 881

with zero truncation outage probability, UE with small power 882

consumption will achieve a higher uplink energy efficiency. 883

We also find that the average uplink energy efficiency increases 884

with ρ0 in the low and medium regimes of ρ0. This is because 885

when ρ0 is small, UEs with large path loss can still access 886
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Fig. 7. Average energy efficiency for different power control coefficients
without truncation outage.

the network, which deteriorates the average energy efficiency.887

Interestingly, for given ε, there exists an optimal value of888

average uplink energy efficiency in the high regime of ρ0.889

To explain this result, we note that, when ρ0 is equal to Pmax,890

only uplink UEs whose dynamic power consumption is Pmax891

can transmit signals. In this case, the average uplink energy892

efficiency will converge to the same value lim
ρ0→∞ E [η] =893

R
Pmax+Ps

irrespective of the adopted value of ε. On the other894

hand, when ρ0 is close to Pmax, we already know that the895

average transmit power is δ
δ+ε Pmax, cf. Fig. 5; in this case,896

since δ
δ+ε < 1, the average uplink energy efficiency can be897

approximated as E [η] ≈ R
δ

δ+ε Pmax+Ps
and thus decreases with898

ρ0 before approaching Pmax. Therefore, the maximum value899

of average uplink energy efficiency will appear in the high900

regime of ρ0. Moreover, the maximum average uplink energy901

efficiency increases with power control coefficient since δ
δ+ε902

decreases with ε. This result also matches our study of the903

optimal power control coefficient in Fig. 3, where a higher904

power control coefficient achieves a higher uplink energy905

efficiency when UEs have a small path loss.906

Fig. 8 illustrates the average uplink energy efficiency for907

different BS densities under ε = 0.8. We observe that the908

average uplink energy efficiency increases quickly as the BS909

density λ2 is increased from 2λ1 to 20λ1, while it tends to910

saturate as λ2 is increased from 20λ1 to 200λ1. The result911

suggests that we could not enhance the average uplink energy912

efficiency by only increasing the density of BSs. Interestingly,913

the optimal receiver threshold for maximizing average uplink914

energy efficiency decreases with λ2. This is because, as shown915

in Fig. 2, the path loss for maximizing uplink energy efficiency916

decreases with the density of BSs. Note also that, in contrast to917

Fig. 7, the average uplink energy efficiency curves for different918

densities of BS in Fig. 8 do not converge as ρ0 approaches919

Pmax. This is because although the saturated average transmit920

power δ
δ+ε Pmax is independent of λ2, the average load of921

cell N still depends on the BS density. Nevertheless, the922

average uplink energy efficiency decreases with ρ0 with the923

same slope as ρ0 approaches Pmax.924

Fig. 8. Average energy efficiency for different BS densities without truncation
outage.

Fig. 9. Effective energy efficiency for different BS densities with truncation
outage.

2) Effective Average Energy Efficiency With Truncation 925

Outage: Finally, to show the impact of truncation outage 926

under maximal transmit power constraint, the effective uplink 927

energy efficiency, defined as (1 − Pout ) E [η], is evaluated for 928

different BS densities in Fig. 9. The effective uplink energy 929

efficiency characterizes the average uplink energy efficiency 930

for active UEs. From Fig. 9 we observe that the effective 931

uplink energy efficiency strictly increases with the BS density, 932

since a higher BS density leads to a smaller access distance 933

and thus a lower truncation outage probability. Note that when 934

the density of BSs or the maximal transmit power is large 935

enough, the truncation outage probability becomes small and 936

negligible. In this case, the effective uplink energy efficiency 937

will reduce to average uplink energy efficiency as evaluated 938

in Fig. 7 and Fig. 8. Meanwhile, there exists an optimal 939

receiver threshold for maximization of the effective uplink 940

energy efficiency, implying an interesting trade-off between 941

truncation outage probability and transmission power lever- 942

aged by the receiver threshold. In particular, a higher receiver 943

threshold results in a higher truncation outage probability, 944

i.e., more inactive UEs. Therefore, optimal receiver threshold 945
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for maximizing the effective uplink energy efficiency is less946

than the receiver threshold for maximizing the average uplink947

energy efficiency.948

In fact, Figs. 6–9 also reveal an interesting interplay between949

truncation outage, power control, and energy efficiency. Recall950

from Fig. 6 that, when the ρ0 is larger than 0 dBm, the951

value of 1 − Pout , i.e., the probability of no truncation outage,952

is about 10−2 ∼ 10−3 for λ2 = 2λ1. However, since UEs953

locate close to their serving BS for λ2 = 2λ1, according to954

Fig. 7, the average EE is as high as 106 bps/W by FPC. As a955

result, the effective uplink EE does not go to zero but reaches956

about 103 ∼ 104 bps/W in Fig. 9.957

VI. CONCLUSIONS958

In this paper, a tractable model was introduced to analyze959

the energy efficiency of uplink power control in multi-tier960

HetNet systems. The practical constraint of maximal transmit961

power at UEs was considered and the impacts of power962

control coefficient, density of BSs, and receiver threshold on963

the uplink energy efficiency were investigated. We show the964

existence of a transfer path loss, by which the access area can965

be divided into two regions of different properties in terms of966

energy efficiency. These properties show that the interference967

from other cells play different roles on the uplink energy968

efficiency of UEs for different path losses.969

The analysis of uplink energy efficiency of UEs was970

extended to study the average uplink energy efficiency in971

HetNets. We find that the average transmit power of UEs will972

be a constant when receiver threshold is high enough. Our973

results also suggest that the optimal average uplink energy974

efficiency is obtained when that receiver threshold is close but975

not equal to the maximal transmit power due to an interesting976

trade-off between truncation outage and transmission power977

leveraged by the receiver threshold. Meanwhile, the maximal978

effective uplink energy efficiency in HetNets can be improved979

by increasing the density of BS and balancing the values of980

receiver threshold and power control coefficient.981

APPENDIX A982

PROOF OF PROPERTY 2983

If the path loss l is large enough, the noise can be ignored984

and the uplink energy efficiency η (l, ε) can be expanded985

through Taylor’s theorem for l > l∗ as (A.1), shown at the 986

bottom of the this page. 987

Then
∣
∣η (l, ε) − N (l)

/
D (ε)

∣
∣ � N (l) P−1

u (ε) I−2 (ε) 988

ht,olε−1. 989

For ε ∈ [0, 1], ε − 1 � 0, such that both N (l) and lε−1
990

are mono-decreasing function for l > l∗. The gap between 991

η (l, ε) and N (l)
/

D (ε) will be close to zero as the path loss 992

of UE increasing. We can get N (l) P−1
u (ε) I−2 (ε) ht,olε−1 � 993

N (l∗) P−1
u (ε) I−2 (ε) ht,ol∗(ε−1), where the equality holds 994

with ε = 1. 995

APPENDIX B 996

PROOF OF PROPERTY 3 997

In the region of l < l∗, we have (B.1), shown at the 998

bottom of this page. Since ε − 1 < 0, it is easy to verify 999

that ∂η(l,ε)
∂l < 0, i.e., η (l, ε) is decreasing with l. 1000

According to ax
1+ax < ln (1 + ax) for x > −1, we get 1001

ln
(

1 + ht,ol(ε−1) I−1 (ε)
)

>
ht,ol(ε−1) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)
. (B.2) 1002

Substituting (B.2) into (B.1), we obtain the inequalities 1003

in (B.3), shown at the top of the next page. Therefore, we have 1004

− log2 e

Pu (ε) lε+1 ln
(

1 + ht,ol(ε−1) I−1 (ε)
)

<
∂η (l, ε)

∂l
1005

< − log2 e

Pu (ε) lε+1

ht,ol(ε−1) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)
. (B.4) 1006

Since both l(ε−1) and I−1 (ε) are decreasing with ε, such 1007

that ln
(
1 + ht,ol(ε−1) I−1 (ε)

)
and ht,ol(ε−1) I−1(ε)

1+ht,ol(ε−1) I−1(ε)
is decreas- 1008

ing with ε. Meanwhile, l−(ε+1) are decreasing with ε, such that 1009

both left and right hand sides of (B.4) increase with ε. Then 1010

according to the Squeeze Theorem, ∂η(l,ε)
∂l is mono-increasing 1011

with ε. 1012

APPENDIX C 1013

PROOF OF THEOREM 2 1014

For given path loss l, there always exists a power control 1015

coefficient ε = 1, such that the uplink energy efficiency 1016

satisfies ηs (ε, l) > ηs (1, l), or equivalently, 1017

log2
(
1 + ht,ol(ε−1) I−1(ε)

)

Pu(ε)lε
>

log2
(
1 + ht,o I−1(1)

)

Pu(ε)l
. (C.1) 1018

η (l, ε)

N (l)
/

D (ε)
= Blog2

(
1 + ht,ol(ε−1) I−1 (ε)

)

Pu (ε) lε
D (ε)

N (l)

=

(
ht,ol(ε−1) I−1 (ε) +

(
ht,ol(ε−1) I−1(ε)

)2

2! + O
((

ht,ol(ε−1) I−1 (ε)
)2
))

ht,ol(ε−1) I−1 (ε)

≤
(

1 + ht,ol(ε−1) I−1 (ε)
)

(A.1)

∂η (l, ε)

∂l
= log2 e

Pu (ε) l2ε

(
(ε − 1) ht,ol(2ε−2) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)
− ε ln

(
1 + ht,ol(ε−1) I−1 (ε)

)
l(ε−1)

)
(B.1)
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log2 e

Pu (ε) lε+1

(
(ε − 1) ln

(
1 + ht,ol(ε−1) I−1 (ε)

)
− ε ln

(
1 + ht,ol(ε−1) I−1 (ε)

))

<
∂η (l, ε)

∂l
<

log2 e

Pu (ε) lε+1

(
(ε − 1) ht,ol(ε−1) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)
− εht,ol(ε−1) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)

)
(B.3)

By simplifying (C.1), we get1019

l1−ε ln
(

1 + ht,ol(ε−1) I−1(ε)
)

> ln
(

1 + ht,o I−1(1)
)
. (C.2)1020

Since inequality ax
1+ax < ln (1 + ax) < ax holds for ax >1021

−1 and x = 0, we have1022

l1−ε ln
(

1 + ht,ol(ε−1) I−1(ε)
)

>
ht,o I−1(ε)

1 + ht,ol(ε−1) I−1(ε)
.1023

(C.3)1024

Substituting (C.3) into (C.2), we have ht,o I−1(ε)

1+ht,ol(ε−1) I−1(ε)
>1025

ln
(
1 + ht,o I−1 (1)

)
, whose solution is1026

l >

(
1

ln
(
1 + ht,o I−1 (1)

) − 1

ht,o I−1 (ε)

) 1
ε−1

. (C.4)1027

Therefore, for any ε ∈ (0, 1), path loss should1028

be smaller than lim
ε→1

(
1

ln(1+ht,o I−1(1))
− 1

ht,o I−1(ε)

) 1
ε−1 =1029

exp

((
ht,o I (1)

ln(1+ht,o I (1))
− 1

)−1 · I ′(1)
I (1)

)
such that complete chan-1030

nel inversion power control η (1, l) have better uplink energy1031

efficiency than η (ε, l).1032

If constant power control (ε = 0) have better energy effi-1033

ciency than any other ε, that is1034

log2
(
1 + ht,ol(ε−1) I−1 (ε)

)

Pu (ε) lε
<

log2
(
1 + ht,o I−1 (0)

)

Pu (ε)
. (C.5)1035

(C.5) can be rewritten as1036

l−ε ln
(

1 + ht,ol(ε−1) I−1 (ε)
)

< ln
(

1 + ht,o I−1 (0)
)
. (C.6)1037

According to inequality ax
1+ax < ln (1 + ax) < ax ,1038

we obtain1039

l−ε ln
(

1 + ht,ol(ε−1) I−1 (ε)
)

< ht,ol−1 I−1 (ε) . (C.7)1040

That is if ln
(
1 + ht,o I−1 (0)

)
> ht,ol−1 I−1 (ε), i.e. l >1041

ht,o I−1(ε)

ln(1+ht,o I−1(0))
, constant power control (ε = 0) have better1042

energy efficiency than η (ε, l).1043

According to Property 3, the path loss l is decreasing1044

for optimal power control coefficient ε∗. We can obtain that1045

when l >
ht,o I−1(0)

ln(1+ht,o I−1(0))
, constant power control (ε = 0)1046

have the highest uplink energy efficiency for any ε and when1047

l < exp

((
ht,o I (1)

ln(1+ht,o I (1))
− 1

)−1 · I ′(1)
I (1)

)
, complete channel1048

inversion power control (ε = 1) have the highest uplink energy1049

efficiency for any ε.1050
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[38] J. Pečarić, F. Qi, V. Šimić, and S.-L. Xu, “Refinements and extensions1171

of an inequality, III,” J. Math. Anal. Appl., vol. 227, no. 2, pp. 439–448,1172

Nov. 1998.1173

[39] D. W. K. Ng, E. S. Lo, and R. Schober, “Energy-efficient resource1174

allocation in multi-cell OFDMA systems with limited backhaul capac-1175

ity,” IEEE Trans. Wireless Commun., vol. 11, no. 10, pp. 3618–3631,1176

Oct. 2012.1177

[40] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and1178

Products, 5th ed. New York, NY, USA: Academic, 2007.1179

[41] S. Singh, H. S. Dhillon, and J. G. Andrews, “Offloading in heterogeneous1180

networks: Modeling, analysis, and design insights,” IEEE Trans. Wireless1181

Commun., vol. 12, no. 5, pp. 2484–2497, May 2013.1182

[42] Y. Chen, Y. Wang, R. Zhang, and X. Shen, “Optimization on power1183

splitting ratio design for K-tier HCNs with opportunistic energy1184

harvesting,” in Proc. IEEE Int. Conf. Commun. (ICC), Jun. 2015,1185

pp. 1500–1505.1186

Jing Zhang (M’13) received the M.S. and Ph.D. 1187

degrees in electronics and information engineering 1188

from the Huazhong University of Science and Tech- 1189

nology (HUST), Wuhan, China, in 2002 and 2010, 1190

respectively. He is currently an Associate Professor 1191

with HUST. He has done research in the areas of 1192

multiple-input multiple-output, CoMP, beamform- 1193

ing, and next-generation mobile communications. 1194

His current research interests include HetNet in 5G, 1195

green communications, energy harvesting, Internet 1196

of Things, optimization, and performance analysis 1197

in networks. He received the Best Paper Award at the IEEE Globecom Com- 1198

munication Workshop in 2014 and the International Wireless Communications 1199

and Mobile Computing Conference in 2015. 1200

Lin Xiang (S’14) received the bachelor’s and mas- 1201

ter’s degrees from the Department of Electronics and 1202

Information Engineering, Huazhong University of 1203

Science and Technology, China, in 2009 and 2012, 1204

respectively. He is currently pursuing the Ph.D. 1205

degree with the Institute for Digital Communica- 1206

tion, Friedrich-Alexander University of Erlangen- 1207

Nuremberg, Germany. From 2010 to 2011, he was 1208

an exchange student with the University of Bologna, 1209

Italy, under support from the Erasmus Mundus Pro- 1210

gramme. His research interests include modeling 1211

and analysis of traffic load and energy efficiency in wireless networks, 1212

performance analysis based on stochastic geometry theory, renewable energy 1213

integration and electric vehicle charging in smart grid, and resource allocation 1214

for cache-aided wireless communication systems. He received the Best Paper 1215

Award at the IEEE Globecom Communication Conference in 2010. 1216

Derrick Wing Kwan Ng (S’06–M’12) received the 1217

bachelor’s degree (Hons.) and the M.Phil. degree 1218

in electronic engineering from The Hong Kong 1219

University of Science and Technology in 2006 and 1220

2008, respectively, and the Ph.D. degree from The 1221

University of British Columbia in 2012. In 2011 and 1222

2012, he was a Visiting Scholar with the Cen- 1223

tre Tecnològic de Telecomunicacions de Catalunya, 1224

Hong Kong. He was a Senior Post-Doctoral Fel- 1225

low with the Institute for Digital Communications, 1226

Friedrich-Alexander-University Erlangen-Nürnberg, 1227

Germany. He is currently a Senior Lecturer and an ARC DECRA Research 1228

Fellow with the University of New South Wales, Sydney, Australia. His 1229

research interests include convex and non-convex optimization, physical layer 1230

security, wireless information and power transfer, and green (energy-efficient) 1231

wireless communications. He received Best Paper Awards at the IEEE 1232

International Conference on Computing, Networking and Communications 1233

in 2016, the IEEE Wireless Communications and Networking Conference 1234

in 2012, the IEEE Global Telecommunication Conference in 2011, and the 1235

IEEE Third International Conference on Communications and Networking 1236

in China in 2008. He has been serving as an Editorial Assistant to the 1237

Editor-in-Chief of the IEEE TRANSACTIONS ON COMMUNICATIONS since 1238

2012. He is currently an Editor of the IEEE COMMUNICATIONS LETTERS, 1239

the IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, and the IEEE 1240

TRANSACTIONS ON GREEN COMMUNICATIONS AND NETWORKING. 1241



16 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS

Minho Jo (M’07–SM’16) received the B.A. degree1242

from the Department of Industrial Engineering,1243

Chosun University, South Korea, in 1984, and the1244

Ph.D. degree from the Department of Industrial and1245

Systems Engineering, Lehigh University, Bethlehem,1246

PA, USA, in 1994. He was the Founder of the ICT1247

Team, LCD Division, Samsung Electronics, in 1995.1248

He is currently a Professor with the Department of1249

Computer Convergence Software, Korea University,1250

Sejong Metropolitan City, South Korea. He is also1251

the Chief Professor of IoTCoN Lab, Korea Univer-1252

sity. He is one of founders of the Samsung Electronics LCD Division. His1253

current interests include LTE-U, cognitive radio, IoT, machine learning in IoT,1254

HetNets in 5G, energy-efficient wireless communications, cloud computing,1255

big data in IoT, network function virtualization, 5G wireless communications,1256

optimization and probability in networks, network security, and massive1257

MIMO. He received the Headong Outstanding Scholar Prize in 2011. He was1258

the Vice President of the Institute of Electronics and Information Engineers1259

and the Korea Information Processing Society. He is currently the Founding1260

Vice President of 4th Industrial Revolution Society and the Vice President1261

of the Korean Society for Internet Information. He is the Founder and an1262

Editor-in-Chief of the KSII Transactions on Internet and Information Systems1263

(SCI and SCOPUS indexed, respectively). He is currently an Editor of the1264

IEEE WIRELESS COMMUNICATIONS and an Associate Editor of the IEEE1265

INTERNET OF THINGS JOURNAL, Security and Communication Networks,1266

and WIRELESS COMMUNICATIONS AND MOBILE COMPUTING.1267

Min Chen (SM’09) was an Assistant Professor with 1268

the School of Computer Science and Engineering, 1269

Seoul National University (SNU). He was a Post- 1270

Doctoral Fellow with SNU for one and half years. 1271

He was a Post-Doctoral Fellow with the Department 1272

of Electrical and Computer Engineering, The Uni- 1273

versity of British Columbia for three years. He has 1274

been a Full Professor with the School of Computer 1275

Science and Technology, Huazhong University of 1276

Science and Technology (HUST), since 2012. He 1277

is currently the Director of the Embedded and Per- 1278

vasive Computing Lab, HUST. He has over 300 paper publications, including 1279

over 200 SCI papers, over 80 IEEE transactions/journal papers, 13 ISI highly 1280

cited papers, and eight hot papers. He has published four books: OPNET 1281

IoT Simulation (HUST Press, 2015), Big Data Inspiration (HUST Press, 1282

2015), 5G Software Defined Networks (HUST Press, 2016), and Introduction 1283

to Cognitive Computing (HUST Press, 2017), a book on big data: Big Data 1284

Related Technologies (Springer Series, 2014) and a book on 5G: Cloud Based 1285

5G Wireless Networks (Springer Series, 2016) in computer science. His latest 1286

book, co-authored with Prof. K. Hwang, is Big Data Analytics for Cloud/IoT 1287

and Cognitive Computing (Wiley, U.K., 2017). His research focuses on cyber 1288

physical systems, IoT sensing, 5G networks, mobile cloud computing, SDN, 1289

healthcare big data, medica cloud privacy and security, body area networks, 1290

emotion communications, and robotics. He received the Best Paper Award 1291

from QShine 2008, the IEEE ICC 2012, ICST IndustrialIoT 2016, and the 1292

IEEE IWCMC 2016. He received the IEEE Communications Society Fred 1293

W. Ellersick Prize in 2017. He is the Chair of the IEEE Computer Society 1294

Special Technical Communities on Big Data. He is a Co-Chair of the IEEE 1295

ICC 2012 Communications Theory Symposium and a Co-Chair of the IEEE 1296

ICC 2013 Wireless Networks Symposium. He is a General Co-Chair for 1297

the IEEE CIT-2012, Tridentcom 2014, Mobimedia 2015, and Tridentcom 1298

2017. He was a Keynote Speaker at CyberC 2012, Mobiquitous 2012, 1299

Cloudcomp 2015, IndustrialIoT 2016, and the 7th Brainstorming Workshop 1300

on 5G Wireless. He serves as an Editor or an Associate Editor of Information 1301

Sciences, Information Fusion, and IEEE ACCESS. He is a Guest Editor of the 1302

IEEE NETWORK, the IEEE WIRELESS COMMUNICATIONS, and the IEEE 1303

TRANSACTIONS ON SERVICE COMPUTING. His Google Scholars Citations 1304

reached over 9,700 with an h-index of 49. His top paper was cited over 1305

1000 times. 1306


	twc-xiang-2739142-web
	twc-xiang-2739142-print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


